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Abstract
Let a15(n), azo(n) and ag4(n) be defined by

(o] [o.¢]
¢ [T =" =) =)0 = g"F) = ais(n)
k=1

n=1
ﬁ(l —¢*)*(1 - ¢"%)? Z azo(n)q",

k=

8

1
(1=¢*")(1 = ¢"*)(1 - ¢*) q'*") Zam )a" (la < 1),
k::l

and let p > 3 be a prime. In this paper, for p = 3 (mod 4) we reveal the connection
between aso(p) and residue-counts of z* — 422 + 42 modulo p as  runs over 0,1,...,p—1,
and the connection between as4(p) and residue-counts of 3 4 ¢/ modulo p as x runs over
1,2,...,p — 1, where c is an integer not divisible by p. We also deduce the congruences
for a15(p), a24(p) modulo 16 and ag(p) modulo 4, and pose some analogous conjectures.
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1. Introduction

The Dedekind eta function 7n(z) is given by

o0

n(z) = q2*14 H (1 — q") with ¢ = e2miz

n=1

It is shown by Martin and Ono [13] that there are only finitely many newforms of weight 2
in the form of eta products, which are summarized in the following table:



level eta product

11 n(z)2n(llz)2
14 n(z)n(22)n(7z)n(14z)
15 n(z)n(3z)n(5z)n(15z)
20 n(22)*n(102)?
24 n(2z)n(42)n(62)n(12z)
27 n(32)%n(92)
32 n(42)n(8z)?
36 n(62)*
48 n(42)*n(122)*
n(22)n(62)n(82)n(24z)
1(8z)®
@
<0 1(42)%9(202)°
1(22)2n(82)?n(102)2n(402)?
77(122)12
M 6 e

Now for each level N given in the table, we define ay(n) for n > 1 to be the n-th Fourier
coefficient of the corresponding eta product. Let p be an odd prime with p { N. In [13],
for N € {27,32,36,64,144} Martin and Ono gave the values of ay(p) in terms of the
representations of p by suitable binary quadratic forms.

For a € Z and given positive integer m let (%) denote the Legendre-Jacobi-Kronecker
symbol. In [17], using a result due to Eichler the first author stated that for any prime

p#2,3,11,

(1.1) an(p) = — (6) pil (“33_129”38> .

Y2 s p

In this paper, we give formulas for ay(p) with N € {14,15, 20,24, 48,80}, where p > 5 is
a prime. We first relate ay(p) with the sum Zi;é (MT””‘*'B> by using the Modularity

Theorem, and then reveal the connections between ay (p) and quartic congruences modulo
p for N € {20,24,48,80} and p = 3 (mod 4).

Let p > 3 be a prime, a,b € Z and Ny(a,b) be the number of incongruent residues
of #* 4+ ax? + bx modulo p as = runs over 0,1,...,p — 1. In [16], the first author related
Np(a,b) with the numbers of points on certain elliptic curves over F, (the field with p
elements), and completely determined Ny (a,b) for some special values of (a,b). Inspired
by the work in [16], in this paper we find the connection between as(p) and N,(—4,4)
for p = 3 (mod 4), and deduce a formula for N,(c), which is the number of incongruent
residues of 2 + ¢/x modulo p as z runs over 1,2,...,p — 1, where c is an integer not
divisible by p. It is surprising that Np(c) is in connection with ag4(p) and asg(p), which
is proved by using the first author’s previous work on the numbers of solutions of quartic
congruences modulo p. The main results of this paper are summarized as follows:



Theorem 1.1. Let p > 3 be a prime of the form 4k + 3 and

0 ifp=7,23 (mod 40),
d(p)=4 1 ifp=3,27,31,39 (mod 40),
2 if p=11,19 (mod 40).
Then 5+ 1
az0(p) = —aso(p) = p2 +26(p) — 4Np(—4,4).
Theorem 1.2. Let p > 3 be a prime and ¢ € Z with ptc. Then

Nuaza+é@p—&+(;)@um—(bu—n%W

S () () () - () (1 ),

z=1
where
2 if 8| p—>5 and 27c is a quartic residue of p,
(1.2) 0=<1 ifS]p—?and(?)—l,

0 otherwise.

In particular, for p =3 (mod 4) we have
1 —
@;5+8<;>@4m #8p—7mm(f)=L

_ 1/—
op 3+ <pc> az4(p) otherwise.

(13)  Nylo) =

8 8

We also deduce the following congruences for ai5(p), a24(p), asg(p) modulo 16 and
a14(p), az20(p), ago(p) modulo 4, where p > 5 is a prime. The proofs are based on Theorems
1.1 and 1.2, and some known results on the number of representations of p as a linear
combination of four squares or triangular numbers.

Theorem 1.3. Let p > 3 be a prime. Then

p+1 (mod 16) if p=1 (mod 12),
p1 4— (p+1) (mod 16) ifp =5 (mod 12),
az4(p) = (—1) 2 ass(p) = L
—(p+1) (mod 16) if p=11,19,23 (mod 24),
8 —(p+1) (mod 16) if p=7 (mod 24).

Theorem 1.4. Let p be a prime such that p # 2,5. Then

0 (mod 4) ifp=11,19 (mod 20),

az0(p) = aso(p) = {2 (mod 4) if p# 11,19 (mod 20).

Theorem 1.5. Let p be a prime such that p # 2,7. Then

2 (mod 4) ifp=1 (mod8) orp=+3,£19,£27 (mod 56),
0 (mod 4) otherwise.

a14(p) = {



Theorem 1.6. Let p be a prime with p > 5. Then
») {p—l—l (mod 16) if p=11,19,31,59 (mod 60),
a =
1o\P 8+5(p+1) (mod 16) otherwise.

We remark that Kohler [12] gave the congruence for ag4(p) modulo 16 in the case
p =7 (mod 8), and Alaca, Alaca and Aygin [2] proved that for any prime p > 11,

a11(p) =p+1 (mod 5), a14(p) =p+1 (mod 6), a15(p) =p+ 1 (mod 4),
azo(p) =p+1 (mod 6), aza(p) =0 (mod 2).
For positive integers a, b, ¢, d and non-negative integer n let N(a, b, ¢, d;n) be the num-

ber of representations of n by az? +by? +cz? +dw?, and let t(a, b, ¢, d; n) be the number of
z(z+1) y(y+1) z(z+1) w(w+1)
5~ +b=5— + =5~ +d—5

representations of n by a , where z,y, z,w € Z. Then
we have the following result.

Theorem 1.7. Let p be a prime with p # 2,11. Then

4 16
N(1,1,11,11;p) = g(p +1) + gan(p),

16 16
1 1L,11,15p = 3) = —(p+1) — —an(p)

and so

1 (mod 2) ifdp = 2* + 11y* with z,y € Z and 2}y,
a11(p) =

0 (mod 2) otherwise.

We remark that Evink and Helminck [8] proved that a1;(p) = 0 (mod 2) for any prime
p = 22 + 11y% # 11 by using class field theory. For any odd prime p, it is known that

(1.4) N(1,1,6,6;p) = 2(p + 1+ az(p)) for p#3,

(1.5) N(1,1,5,5;p) = %(p +1)+ gago(p) for p#5,
(1.6) N(1,1,7,7;p) = g(p +1)+ §a14(p) for p#T,
(1.7) N(1,3,5,15;p) = ]%1 + galg)(p) for p#3,5.

Actually, the identities (1.4)-(1.7) can be found in [3, Theorem 1.12], [4, Theorem 7.1],
[18, Lemma 2.10] and [1, Theorem 3.3], respectively.
This paper is organized as follows. In Section 2, for N € {14, 15,20, 24, 48,80} we give

x3+Az+B
p

explicit formulas for an(p) in terms of the sum Zg;é ( and prove Theorems

1.1 and 1.2, where p is an odd prime such that pf N. In Section 3, we prove Theorem 1.3.
In Section 4, we prove Theorems 1.4 and 1.5. In Section 5, we give the proof of Theorem
1.6. In Section 6, we prove Theorem 1.7. In Section 7, based on calculations by Maple we
pose three conjectures on a11(p) modulo 4 and aj4(p), aze(p) modulo 8.

2. Formulas for ay(p) and proofs of Theorems 1.1
and 1.2

By numerical calculations, in [18] the first author found the following conjectural identities
analogous to (1.1) for ay(p) with N € {14, 15, 20, 24, 48,80}, where p is an odd prime such

4



that p f N. This provides uniform formulas for ax(p) concerning newforms of weight 2
that are eta products.
Lemma 2.1 ([18, Conjecture 2.1]). Let p > 3 be a prime. Then

1

a14(p) = — (;’) j; <“’”375;506> ’

a15(p) = — <_p3> Zz:: <333_3i_322> 7

1

oan(p) = (1) asat) = — (2 )z;(x‘m‘“),

o= (o= () S ()

Proof. Let E : y> = fg(z) denote an elliptic curve over Q, and let ag(1) = 1 and
ap(p) be defined for prime p by ag(p) = p+ 1 — |{projective points of E over Fp}|. It

is well known (see for example [16, p.221]) that for p > 3, ag(p) = —Zg;é (fETEI))

By the Modularity Theorem (see for example [7, Theorem 8.8.1]), there is a normalized
newform gg(z) =Y 7 ag,(n)q" of weight 2 for I'g(Ng), where Ng denotes the algebraic
conductor of E, with trivial Nebentypus such that ag, (p) = ag(p) for all primes p, that

i, ag,(2) = ap(2) and a4, (p) = = >0 ( ) for p > 3. Now from this point on, let

E be an elliptic curve defined by one of the CllblC polynomials in Lemma 2.1. One can
compute and show that

@) {1 for E:y? = 2% — 752 — 506 and E : y?> = 23 — 3z — 322,
a _
L 0 otherwise,

and with the aid of SAGE, one also has that

126 for E : y? = 23 — 75z — 506,

45  for E : y? = 23 — 3z — 322,

180 for F :y? =23 — 122 — 11,

72 for E:y? = x> — 39z — 70,

Ng

and the dimensions of the space S5 (Ng) of newforms of weight 2 for I'o(Ng) are given
by 2 3
2 for F:y“ =z — 75x — 506,
(s () = { !
1 otherwise.

On the other hand, appealing to [5, Corollary 3.1], one can check that

"ew(126) for ¢ = 14,

i (_3> g e S for (=15,
— | ay(n

n )t S7eU(180)  for € = 20,

ne (

n=1
Y(72)  for £ = 24.



Therefore, for each pair
(B,0) € {(y* = 2* — 3z — 322,15), (y* = 2° — 122 — 11,20), (y* = 2° — 39z — 70,24)},
both gp(z) and > 00 (=2) as(n)g™ lie in the same one-dimensional vector space with

constant terms 1, and thus, one has that for any prime p > 3, ( 3) ae(p) = ag,(p) =

— > ( m ) By [10], Sturm’s theorem states that the order of vanishing at ico of

a holomorphic modular form of weight k for To(N) is bounded by [SLa(Z) : To(N)]& 15
Now, for the case (E,¢) = (y* = 2% — 75z — 506, 14), one can check that a,,(p) and
-3
P
>0 1 (Z2) a14(n)g™ agree on n up to 48 (the Sturm’s bound for I'g(126)), since they are
both newforms whose Fourier coefficients are completely determined by prime places. As

a result, one can conclude that gg(2) = Y07, (=2) a4(n)¢" by Sturm’s theorem, and

<—?3> a14(p) = ag,(p) = — > 0Z (M) for any prime p > 3.

The remaining equalities (%) ago(p) = aso(p) and ( ) az4(p) = asg(p) follow from

a14(p) agree on primes p up to 47, and thus, the Fourier coefficients of gg(z) and

n

similar reasoning as follows. From [5, Corollary 3.1] one finds that >0, (=2) azo(n)q
and 32 | (=) ag4(n)q" are newforms with trivial Nebentypus of weight 2 for I'¢(80) and
[y (48), respectlvely, whose Sturm bounds are 24 and 8, respectively. Verifying that the
Fourier coefficients of Y02 | (=) ago(n)¢" and o> ; ago(n)g™ hold for prime places up to
23, and the Fourier coefficients of Y% | (=1) ag4(n)q" and 307 | ass(n)g™ hold for prime
places up to 7, and using Sturm’s theorem one concludes that they are identical. The
proof is now complete.

Proof of Theorem 1.1. From Lemma 2.1 and [16, (2.5) and Theorem 2.8] we deduce
that

L (2 as) =+ 1 (D) sl = p 1+ 3 (120
D+ —(3)a2o P+ +(3 aso(p) = p 2 ,
1
AN (—4,4) = 2= 9504)  ifp =7 (mod 12),
—4N,(—4,4) + 7p;— 5 +26(p) if p=11 (mod 12).

Hence the result follows.
Proof of Theorem 1.2. Set Z, = {0,1,...,p— 1}, Z; = {1,2,...,p— 1} and

5 = { 1 if 2* = —¢ (mod p) is insolvable,
"Tlo ifat=—c (mod p) is solvable.
From [15, Lemma 5.1 and Remark 5.1], 2* + bz + ¢ = 0 (mod p) is solvable when p { b and
p | (=276 + 256¢%). Thus,
Ny(e) =|{b€Z,: x* 4+ bx +c=0 (mod p) is solvable}|
~{b€Z,: 2* +bx+c=0 (mod p) is insolvable}|
=p—6 —|{b€Z,: ptband z* + bz +c =0 (mod p) is insolvable}|
—=p—06 —|{b€Zy: ptb(—27b* + 256¢°)
and z' + bz + ¢ = 0 (mod p) is insolvable}|.

6



By [15, Theorem 5.8], for p t b(—27b* + 256¢3), the congruence x* 4 bx + ¢ = 0 (mod p)
is insolvable if and only if there exists a quadratic non-residue y modulo p satisfying
y3 —4cy — b> = 0 (mod p). Hence, from the above we derive that

Ny(c)=p—61 — |{b € Zy: ptb(—270* 4 256¢%), bv? = y® — 4cy (mod p)
for some quadratic non-residue y of p}‘
=p—90 — !{b €EZLy: b? = 3> — 4cy (mod p) for some quadratic non-residue y of p}’
+{bez;: p|(—27" +256¢%), b* =y® — dcy (mod p)

for some quadratic non-residue y of p}|.

When ptb and p | (—27b* + 256¢3), it is clear that (%) =1 and

Y3 —dey — b2 = (y — %fj) (y+ ?)gbj>2 (mod p).

Since (%) = (%) =1 and (%2‘8‘3) = (_72), we see that

[{be Zy: pl (—27b* + 256¢3), b* = y3 — 4ey (mod p)
for some quadratic non-residue y of p}|
-2
— * 4 3 —
— [{beZ;: p|(—27" + 256¢), (?> = —1}]

= |{b € Z; : (40/())4 = 27¢ (mod p), p=5,7 (mod 8)}} = 2.

Hence,
Np(c) =p—61+ 26 — |{b6Z;: y® — 4ey — b2 = 0 (mod p)

(2.1) ) Y\
for some y € Z with <5> = —1}|.

If (%) = —1, then y(y* — 4¢) = b* (mod p) for some b € Z if and only if v 40)
If y3 — dey = 23 — dex (mod p) and = # y (mod p), then 22 + zy + y?> = 4¢ (mod p
so (2x + y)2 = 16¢c — 3y2 (mod p). Now suppose y € L, ( ) — —1 and Y- )

p
Then y(y* — 4c) = b* (mod p) for two values b € Z3. If 3y* = 16¢ (mod p), then
<yTT4C> = (yT/AI) = 1. This contradicts the assumption. If <%) = —1, then

(2z + y)? = 16¢ — 3y? (mod p) is insolvable and so y3 — 4cy # 2® — 4cx (mod p) for
any x # y (mod p). If (166;%37’2) = 1, from the above there exist two distinct numbers
Y1,y2 € Z, such that (2yZ + y)? = 16c — 3y* (mod p) and so y> — dey — (y§ — 4ey;) =

%(y —u:)((2y; +y)2 4+ 3y? — 16¢) = 0 (mod p) for i = 1,2. If y & {y1,y2}, then the

congruence x3 — 4cx — b?> = 0 (mod p) has three distinct solutions z = y, y1,y2 (mod p)

and so yy1y2 = b (mod p). Since (g> —1, we see that (3“]%) = —1 and so there
2_

is a unique ¢ € {1,2} such that <%) = —1 and <yinlc = —1. If y € {y1,y2}, then

(2y+y)? = 16¢—3y? (mod p) and so 3y? = 4c (mod p). Hence, <%> = <%y2> = <_?2>

Therefore, (%) =1and <_72) = —1. Note that 2y;1 +y = —(2y2+y) (mod p). For y = i1

7



=2
p

Y2
p

)= (%)

we have yo = —2y (mod p) and so (

y = y9 we have (£

that (%)

implies that

HyeZp: y € {y1, 2}, <Z) :(

Therefore,

2 _ 4
_SC

= —landy (1+5)4(—27c) (

y? — 4c
p

) = 1. Since —4 = (1+y/—1)4,

(g

p) = —1-(—1) = 1. By symmetry, for
we see that the number of y € Z,, such

mod p) is § given in Theorem 1.2. This

ICSRE

16¢ — 3y
D

HbEZ;: y3 — 4cy — b2 = 0 (mod p) for some y € Z with (%) = —1}‘

“effuezs (7) - (55%) - (%5) -
reffvezsveman (3) = (555) =1 (B57) 1)
ez v, (3) - (57) - (55%5)

“flrens () =(50) = (557) -

(5

°)
)

e (- (%
:({yezp: (y

p><)

—I—HyGZp: <y

D=5

This together with (2.1) yields

Np(c):p—(51+5— yeZ (i) <

(2.2) p

Y

p

)

|fvez,: ( (

p

For p = 1 (mod 4) it is well known that z? = —

(1++/—1)* (mod p) is solvable. Now, it is clear

> (=G0 (7))

fene () (59

2 if4|p—3and <C> —1,
p

y? — 4c
p

)

p

y? — 4c
p

where

)

16¢ — 3y >

H+5

16¢ — 3y?
p

) - 1}( +6
-]

4c

)=

)- (=)

(mod p) is solvable and so z*
that

—4c

4_

4c

— >+62a
p

:—1H+1—<

by = c
2 4 if4|p—1, <) =1 and —c is not a quartic residue of p,
p

0 otherwise.



If 42 = 4c (mod p), then (166;%393 = (%) = 1. If 3y? = 16¢ (mod p), then (y2;4c> =

Now, from (2.2) we deduce that

Np(C):p—51+5—|—i(1—<_pc>+52)_iy§p<1_<z)><1_<y2;46>>

(SE)-(57)
(

By [6, Theorem 2.1.2], we have Zg;é (""2+”p”+") = —1 for m,n € Z with m? — 4n #
0 (mod p). Thus,

o 5 (55 5 (52)- QI E () )

YELp

By [6, ex.14, p.207],

ygsz <y2;40> <y2 —;6(;/3) . <_p4¢> n%Z: (n(n+1;(n+§)> |




Therefore,

> (5 (=)

YELyp
—c (n g><n+3><n+3>> c (n3—;§n—;;°9
=1+ =1+ (—
(= G2
—c (23 -,z _
:_1+<p>x§p< 9 27p 9 — 729
and so
2 _4c\ (y? —16¢/3 —c 23 — 392 — 70
s L[5 () e E ()
ygsz p p <p)gzzp p

Since 3,7, (g) = 0, from (2.4) and (2.5) we deduce that
- GDe-(5 D6 (5™)
S ()R (5 (g (e

YEZp YEZLp YEZp p
-3 y? —4c\ [y? —16¢/3
G (5 (=
YELyp
2 2 2 2
Y y° —4c 16¢ — 3y Y y° —4c 16¢c — 3y
+Z<p><3< p >+< P >)_Z<p>< p )( P >
YELp YyEZLp
3 3 — 39z — 70
:3p+3+(C)Z<H)
p *E€Lp p
24 16¢ — 3y? 24 16¢ — 3y?
()05 () - (57 (5
p p p p p
YELyp
This together with (2.3) gives
N(c)—p+(5—1<3p+3—|—<30>p§_:<$3_39x_70)
g 8 p =0 p
p—1 2 2 2 2
—4 16¢ — 3 —4 16¢ — 3
() 6 (57)- (557) - (57 (55))
S \p p p p p

Applying Lemma 2.1 and the fact that (

SN

)+ (552) = 1+ (-1)"7) (£) we obtain

10



8

(RGBT (=5 (F) ()

— 5+ ;(51) 3+ < pc)a24(p) (1+(-1=)

(T Q5 (552)- (5 (52

For p = 3 (mod 4) we see that

1 if8|p—7and (36>:1,
6= p

0 otherwise

Np(c) =p+6— 1(3p+ 3— (_?C)ém(p) +(1+(-D")

and hence (1.3) follows. The proof is now complete.

Remark 2.1. Let p be a prime such that p = 1 (mod 4) and so p = a® + b? with
a,b € Z and a = 3 (mod 4). Let m be an integer not divisible by p. From [6, Theorem
6.2.1] we deduce that

p—1

22 4+ m +a if m'T =41 (mod p),
< ) ] 2 ifmT = :I:é (mod p).
a

Thus, the sums ) P /2

%) (7c> and Zp /2 ( ) (166;%3“2) in Theorem 1.2 can
be evaluated for 4

S
Il
—_
=
@}
(oW

3. Proof of Theorem 1.3

The purpose of this section is to prove the congruence for ag(p) modulo 16, where p > 3
is a prime. From now on we use [z] to denote the greatest integer not exceeding z, and
let Z2 =Z xZand Z* =Z xZ x Z x Z. Forn =0,1,2,... let

ro(n |{xy 622’

t2<n>=){<x,y>ezgln= (x§l)+y(y;”}\-

For convenience we also define rao(n) = ta(n) = 0 for n ¢ {0,1,2,...}. It is well known
that for n =1,2,3,...,

(3.1) pm) =4 (-7, tm)=4Y (-

d|n,2td d|4n+1

See for example [14, p.27] and [20, Theorem 4.3(iii)].
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Lemma 3.1. Forn=1,2,3,... we have

4 (mod 8) ifn=m? or2m? form € Z,

(3.2) ro(n) = {0

(mod 8) otherwise,

and forn=0,1,2,... we have

4 (mod 8) ifdn+ 1 is a square,
(3.3) ta(n) = { )

0 (mod 8) ifdn+ 1 is not a square.

Proof. Tt is clear that r2(0) = 1 and t3(0) = 4. Now suppose that n is a positive
integer and n = 2%n¢(2 { ng). From (3.1) we see that

ra(n) =ra(ng) =43 (-1)F =4 3 ((—1)% + (—1)%(%1)) +4 3 (-1

d|n0 d|n0 d|n0
d2<n0 d2:n0

B {4 (mod 8) if ng is a square,
0 (mod 8) if ng is not a square,

which yields (3.2). On the other hand, from (3.1) we deduce that

ta(n) =4 Z ((—1)%4-(—1)%(4”6?1_1))_’_4 Z (_1)%

dl4n+1 dl4n+1
d?<4n+1 d?=4n+1

(0 (mod 8) if 4n 4+ 1 is not a square,
~ [ 4 (mod 8) if 4n + 1 is a square.

Thus, the lemma is proved.

p—1
Proof of Theorem 1.3. From Lemma 2.1, ass(p) = (—1) 2 a24(p). Since 23 -2~ =

b (mod p) implies that (p — 2)® — (p —2)~' =p — b (mod p), and 2° — 27! = 0 (mod p)
is clearly solvable, we see that Np(—1) is odd. Now, taking ¢ = —1 in Theorem 1.2 we
derive that

8N( 1)—(Bp+5)=8—(p+1) (mod 16) if24 | p—71,
az(p) = {

8Ny(—1)—(5p—3)=8—(5p—3) = —(p+1) (mod 16) otherwise.

This proves the theorem in the case p = 3 (mod 4).
Now assume that p = 1 (mod 4). By [18, Theorem 4.15], #(2,2,3,3;(p — 5)/4) =
2(p+ 1 — a24(p)). Suppose p =12k + 1 =1 (mod 12). Then

t(2,2,3,3;(p—5)/4)

:H(x Y,z w) € Z4 3k_1_2( (a:+1)+y(y+1)>+3(z(z+1)+w(w+1)>}‘

2 2 2 2
(3k=1)/2] ((h=1)/2
3k—1-2
= Y bmb(T——") = Y B+ Dha(k—1-2s).
n=0 s=0

Since 4(3s+1) +1 = 2 (mod 3) we see that 4(3s+ 1)+ 1 is not a square. By Lemma 3.1,
8| t2(3s+ 1) and 4 | to(k — 1 — 2s). Hence

[(k=1)/2]
2(p+1—a2(p) =1(2,2,3,3;(p—5)/4) = Z t2(3s 4+ 1)ta(k — 1 —2s) =0 (mod 32).
5=0

12



It then follows that a24(p) = p+ 1 (mod 16).
Now assume that p = 5 (mod 12). By [3, Theorem 1.12], 2(p + 1 + a2(p)) =
N(1,1,6,6;p). Also,

(p—5)/6 (p—5)/6
N(1,1,6,6;p) = r2(0)ra(p) + > ra(n)ra(p—6n) =8+ > ra(n)ra(p — 6n).
n=1 n=1

Since p — 6n = 5 (mod 6) we see that p — 6n is not represented by z? and 2x2. Thus,
8| rao(p—6n), 4| ra(n) and so 32 | ra(n)ra(p—6n) forn =1,2,..., % by Lemma 3.1. Tt
then follows that

2(p +1+au(p)) = N(1,1,6,6;p) = 8 (mod 32),

which yields ag4(p) =4 — (p + 1) (mod 16). This completes the proof.

The Eisenstein series of weight 2 is given by
e .
(3.4) By(z) =1-24) o(n)e’™"?,
n=1

where o(n) is the sum of positive divisors of n. For any prime p > 3, p+ 1+ a24(p) can be
viewed as the p-th coefficient of 1(22)n(42)n(62) n(12z)— 55 E2(2), and n(2z)n(4z)n(62)n(122)
and Fs(z) are constituents of the space of holomorphic modular forms of weight 2 and
level I'g(24) with trivial Nebentypus, so one may speculate that p + 1 + a24(p) might be
the p-th Fourier coefficient of another holomorphic modular form. In what follows, we
list all the eta quotients that are holomorphic modular forms of weight 2 and level T'y(24)
with trivial Nebentypus and confirm this speculation.

Proposition 3.1. Let

filz) = n(22)3n(32)%n(82)%n(122)1° folz) = n(22)?n(32)%n(82)*n(122)®
1(2)?n(4z)°n(62)9n(242)¢ n(2)2n(42)1n(62)6n(242)4
falz) = n(32)%n(42)%n(122)5 falz) = n(22)1(32)%1(82)n(122)°
1(2)?n(22)n(62)°n(82)2n(242)?’ n(2)2n(42)2n(62)3n(242)3’
f(2) = 1(22)°n(32)*n(82)n(122)" foz) = 1(22)*1(32)*n(82)*n(122)"!
n(2)2n(42)*n(62)9n(242)7 "’ n(2)2n(42)3n(62)0n(242)5 ’
f(2) = 1(22)n(32)°n(42)%n(122)® fu(2) = 1(22)%n(32)*n(122)"
n(2)2n(62)5n(82)3n(242)3" n(2)2n(42)n(62)3n(242)*’
fol2) = n(22)°n(32)%n(82)n(122)8 fro(z) = n(22)"n(82)%n(122)13
n(2)*n(42)4n(62)7n(242)3’ (2)21(32)2n(42)™n(62)n(242)8’
Fia(z) = 1(22)°1(62)*n(82)*n(122)° Falz) = 1(22)*n(42)*n(62)°n(122)*
n(2)*1(32)%n(42)5n(242)* 7 n(2)2n(32)2n(82)2n(242)% °
Fia(z) = n(22)°n(62)°n(82)n(122)4 fua(z) = n(22)n(32)%n(122)1
1 Pn(32) (A=) n(24) 7020 (d) P (62)Tn 241
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Then one has that

£1(2) = n@2)n(A2)n(62)n(122) — = Ba(2) + = Ea(22) + o= Fa(32) + —= Ea(42)

24 48 72 16
= L Ey(62) — S En(82) + —— Ep(122) + —- By(242),
48 24 144 72
Fal2) = n(22)n(A2)n(62)n(122) — o Fo(=) + o Bal32) + 10 Fal42)
_ %EQ(&) _ 2—14E2(82) _ %EQ(m) + %EQ(MZ),
fo(2) = n(22)n(A2)n(62)1(122) — o Fa(z) — 16 Bal22) — 5 Ba(32) + 1o Fa(d2)
+ %EQ(&) _ iEg(Sz) _ %Eg(mz) + %EQ(MZ),
Fa(2) = n(22 (A2 (6 )n(122) — o Fo(z) — 1 Bal22) + o Ba(32) + 1 Fa(42)
+ HILLEQ(GZ) - iEg(Sz) _ ngg(uz) + %EQ(MZ),
o(2) = n(22)n(Ae)n(62)n(122) — o Fo(z) + 10 Bal22) + o Ba(32) — 1 Fa(42)
- %EQ(G,Z) + 12—4EQ(12z) + %SEQ(MZ),

fo(2) = n(22)n(a2)n(6In(122) — o Fo(=) + 53 Bal22) + 52 Ba(32) — 1o F(62)

1 1
- —F — FE»(24

Fr(2) = n(22)n(Ae)n(6)n(122) — o Fo(z) — 1 Bal22) — 5 Ba(32) + 1 Fa(42)
+ e Ba(62) — T Fa(82) — e Ba(122) + 75 Fr(242)

(=) = n(22)n(Ae)n(6)n(122) — o Fo(z) + 15 Bal22) + o Ba(32) + 1 Fa(d2)
_ ﬁlllEg(Gz) _ ;qEQ(sz) _ %Eg(m) + %E2(24z),

fo(2) = n(22)n(42)n(62)n(122) — 2—14E2(2) + %Eg(%) + éEg(fﬁz) + %Eg(élz)
- %E2(6z) - 2i4E2(8,z) + %6@(122) + %EQ(MZ),

fio(2) = n(2am(E2)n(62)(122) — o Ba(z) + - Ba(22) + s Fa(32) — = Fi(d2)
- %E2(6z) + 2—14E2(8z) + TLEQ(HZ) + ;ZEQ(MZ),

Fin(2) = n(22n(A2)n(62)0(122) — o Ba(z) + 10 Ba22) + 5 Bal32) — s Fa(d2)
— 5 Ea(62) + 5 Ba(82) + %Eg(l%) b o Eh(24),

fia(2) = n(22n(A2)n(62)0(122) — 5 Ba(z) + 1 Fal22) — 5 Ba(32) — o Fa(d2)
+ %EQ(GZ) + iEQ(&z) _ %Eg(mz) + 2%1]32(242:),
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fi3(2) = n(22)1(A2)n(62)n(122) — = Fa(2) + = Fp(22) + o= By(32) — 2 Ey(42)

24 16 72 48
—-ggﬁb(Gz)+—5%[b(8z)+—IiiEb(12z)+—£%Eb(24z%
Fua(2) = n(@AmE)n(62)m(122) — o Fa(z) + 1 Ba(22) + S Fo(32) — - Fa(d2)
—%&@d+i&@@+%&ﬂ%ﬂé%MMA
fis(2) = n(22)(42)m(6:In(122) — 5 Ba(z) + 1 Ba(22) + L Bal32) — 1o Fn(42)
—»f%ﬁb(6z)+—gZEb(Sz)+—i%lb(12z)+—£2£b(24z)

Proof. These follow from the facts that f;(z) are all holomorphic modular forms of
weight 2 and level I'(24) with trivial Nebentypus by [9], and 7(22)n(42)n(62z)n(12z) and
Es(z) — tEa(tz) for t|24 form a basis for the vector space of such holomorphic modular
forms by [7, Chapter 4].

Corollary 3.1. Fori=1,...,15, let f;(z) be defined as in Proposition 3.1, and write
fi(z) = 3222 bi(n)e*™ ™M=, Then for any prime p > 3, one has that b;(p) = ag4(p) +p + 1
fori=1,...,15.

Proof. These follow from equating the p-th coefficients on both sides of the identities of
Proposition 3.1. For example, equating the p-th coefficients on both sides of the equation
associated with f1(z), one deduces that by (p) = ag4(p) + o(p) = a24(p) + p+ 1.

Remark 3.1 From Proposition 3.1 we deduce Corollary 3.1. Combining Corollary 3.1
with Theorem 1.3 yields the congruences for b;(p) modulo 16, where p > 3 is a prime and
ie{l,2,...,15}.

4. Proofs of Theorems 1.4 and 1.5

Proof of Theorem 1.4. We first assume that p = 3 (mod 4). By Theorem 1.1,

1
I% (mod 4) if p = 3,27,31,39 (mod 40),
+ 20(p)

Z3
2 L= (mod 4) if p=7,11,19,23 (mod 40),

[0 (mod 4) ifp=11,19 (mod 20),
- |2 (mod 4) if p=3,7 (mod 20).
Now assume that p =1 (mod 4). By [21, Theorem 4.2],

5 +1
azo(p) = —ago(p) = P

p=3)y_8 _8
(4.1) {1155 757) = S0+ 1) — San().
On the other hand,
[(p=3)/10]
P=3Y _ p—3 _
(4.2) t<1,1,5,5, ?> — ;) tQ(n)tQ( . 5n).

If 4n+1 is a square, then n is even and so 4(’)—_3’—511) +1 =5 (mod 8). Thus 4(:’%3—571)4—1
~3
)

2
is not a square. By (3.3), we have 4 | ta(n), 8 | t2(*5> — 5n) and so 32 | h(n)h(% —5n).



If 4n + 1 is not a square, then 8 | t2(n), 4 | t2(252 — 5n) and so 32 | ta(n)t2(25> — 5n) by
(3.3). Hence, from (4.1) and (4.2) we deduce that

§(p+1)—§a20( )=t(1,1,5,5 2 3) = Z): n)tz (25 ) =0 (mod 32),

which yields ago(p) =p+ 1 =2 (mod 4). To complete the proof, we note that agy(p) =
(—1)%1a80(p) by Lemma 2.1.

Remark 4.1 Let p > 5 be a prime, and let #E,(y* = 23 — 12z — 11) be the number
of points on the elliptic curve y* = 2® — 122 — 11 over F,. In [11], Kim, Koo and Park

proved the first author’s conjecture:
6 (mod 12) if p = 3,7 (mod 20),
#Ep(y2:m3—12x—11)5{ ( ) ity ‘ ( )
0 (mod 12) otherwise.
This together with Lemma 2.1 yields the congruence for agy(p) modulo 12.
Proof of Theorem 1.5. By [18, Lemma 2.10], N(1,1,7,7;p) = 3(p + 1) + Sa14(p).
By (3.2), for n =1,2,...,[%],

(n)ralp — Tn) = { 16 (mod 32) if n and p — 7n are represented by z? or 2z,
TP I A (mod 32)  otherwise.

Since 75(0) = 1 and ro(p) = 4(1 + (=1)"z ), we derive that

P

(p+1)+ §a14(p) 41+ (-1)"7)
[p/7]

W

= N(1,1,7,7;p) = ra(p) = > _ ra(n)ra(p — Tn)

n=1
B (mod 32) if p is only represented by one form in {332 + 7y2, z? + 14y2, 222 + 7y2},
- (mod 32)  otherwise.

It is well known (see for example [19, Corollary 4.2 and Theorem 11.2]) that
p=2>+T7y (z,y € Z) <= p=1,9,11 (mod 14),
p=a>+14y° or 222 + 7y? (z,y € Z) <= p=1,9,15,23,25,39 (mod 56).
Thus,

bt { 16 (mod 32) if p = 11,29,37,43, 51,53 (mod 56),
3 (

4 8
~(p+1)+oa(p)—4(1+(-1) "7
(p+1) 3(114(])) (+=1)=) 0 (mod 32)  otherwise.

That is,

bt {2 (mod 4) if p = 11,29,37,43,51,53 (mod 56),
2

Faulp) + 51+ (-)'F)
PT> 4 - _
WP 0 (mod 4) otherwise,

which yields the result.
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5. Proof of Theorem 1.6

For any non-negative integer n, let T}, be the number of integral solutions to the equation
n = 22 + 3y%. Then clearly Ty = 1. By [19, Theorem 4.1], for n = 1,2,3,... we have

62(?) if 4| n,

k|G

T, = — .
22(5’) if 24 n,
kln
0 if4|n—2.

\

Thus T3y, = Ty, for m =1,2,3,.... If m is a positive integer such that 3 { m, then clearly

2@ 2 (@) £ @)
/ (mod 2)

klm k|m klm
k2<m k2=m
and so
- { 2 (mod 4) if m is a square,
"™ 10 (mod 4) if m is not a square.
Hence, for n =1,2,3,... we have
T _{2(m0d4) if n = 22 or 322 for x € Z,

"7 10 (mod 4) otherwise
and so

4 (mod 8) if n and p — 5n are represented by x? or 3z,

TnTp—Sn = .
0 (mod 8) otherwise.

Note that Tp = 1 and T, = 2 (1 + (%)). It then follows that

N(1,3,5,15;p)
[(p—1)/5]
= {(z,y,2,w) € Z': p=a®+3y* +5(2* + 3w2)}| = Z T2 Ty—sn
n=0

(TyT, +4=2 ((g) - 1) (mod 8)

if p is only represented by one form in {2 + 532, 2 + 152, 322 + 53°},
ToT, +4+4=2 ((%) +1) (mod 8)

if p is represented by z2 + 5y and z? 4 15y2,
ToT, =2 ((3> n 1) (mod 8)

3
if p is not represented by any form in {z? + 532, 22 + 15y, 322 + 5y°}.

It is well known (see [6] or [19]) that

p=ax?+5y* < p=1,9 (mod 20),
p=ax?+15y> < p=1,19 (mod 30),
p =32+ 5y < p=17,23 (mod 30).
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Thus,

2 ((g) - 1) =4 (mod 8) if p= 29,41 (mod 60),
2 ((g) — 1) =0 (mod 8) if p=19,31 (mod 60),
2 ((73> — 1) =4 (mod 8) if p= 17,23 (mod 30),
N(1,3,5,15;p) = 3
2 ((g) n 1) =4 (mod 8) if p=1,49 (mod 60),
2 ((g) v 1) =4 (mod 8) ifp=7,13 (mod 30),
p _ o
2 ((g) +1) =0 (mod 8) if p=11,59 (mod 60).
Now applying (1.7) gives
1
ai5(p) = 5(2N(L,3,5,15;p) —p — 1)
1
~(=p—1)=p+1 (mod 16) if p=11,19,31,59 (mod 60),

)3
1
5(8 —p—1)=8+5(p+1) (mod 16) otherwise.

This proves Theorem 1.6.

6. Proof of Theorem 1.7

It is known (see [7, Chapter 4]) that the generating function of N(1,1,11,11;n) is a
holomorphic modular form of weight 2 and level I'g(44). Using Sturm’s theorem [10], one
can verify that

> , 1 1 2 11
N(1,1,11,11;n)e?™™* = — _F — F5(22) — —Ey(4 —~ Ey(11
nz% (11,11, 11 m)e 2 2(2) + [ Ba(22) = 1o Ea(42) + o5 Ba(112)

11 22 16

— = Fy(22 = (44 —n(2)*n(112)?
5 2 ( Z)+15 2(44z2) + 5n(2) n(11z)
4 4

2 (22)2(222)? + 4z (442,

5 5

where Es(z) is given by (3.4). Equating the p-th coefficients on both sides yields the
identity

4 16
N(17 17 117 117p> = 7(p+ 1) =+ 70’11(p)'

5 5
Also, equating the 2p-th and 4p-th coefficients on both sides gives
4 16 48
N, L1L112p) = 2 (p + 1) + —an(2p) + —an(p),
16 48 64
N(1,1,11,11;4p) = 4(p+ 1) + €a11(4p) + €a11(2p) + Ean(l’)-

On the other hand, by [18, Corollary 4.4], one has that

¢(1,1,11,11;p — 3) = N(1,1,11,11;4p) — N(1,1,11,11;2p).

18



Combining the above three identities gives

16 16 32 16
¢(1,1,11,1;p - 3) = g(p +1)+ gan(p) + €a11(2p) + gan(‘lp)-
Since a11(2) = —2, a11(4) = 2 and a;;1(n) is multiplicative, we get
16 16 64 32 16 16
HLLILILp=3) = 20+ D+ (3 -5 + 3 )l = 0+ 1) - Zaul).

-3
By (3.3), for n =0,1,...,[53],

ba(n)ta(p — 3 — 11n) = { 16 (mod 32) if 4n+ 1 and 4(p — 3 — 11n) + 1 are squares,

0 (mod 32)  otherwise
~ (16 (mod 32) if 4p = 2?2 + 11y? with z,y € Z and y? = 4n + 1,
- {0 (mod 32)  otherwise.

Thus,
16 16 [(p—3)/11]
+ (+1) = an(p) =t(1,1,11,11;p - 3) = > ta(n)ta(p— 3 —11n)
n=0

(16 (mod 32) if4p = 2?2 + 11y* with z,y € Z and 21y,
0 (mod 32)  otherwise.

This yields the remaining result.

7. Three conjectures

In light of Theorems 1.3-1.7, some computational experiment leads to the following con-
jectures.

Conjecture 7.1. Let p be a prime with p > 5.

(i) If p=1,9 (mod 20) and so p = 2% + 25¢y* for some x,y € Z, then

0 (mod 8) 20 |p—1and2|x, orif20|p—9 and 2|y,

+1+a =
p 20(p) {4(m0d8) ifQ()’p—l andQ‘y, 07"if20‘p—9and2’$.

(ii) If p # 1,9 (mod 20), then

0 (mod 8) i p=13,19,37,39 (mod 40),

2 (mod 8) if p=3,7 (mod 40),
p+1+axp) = ( ) o ( )

4 (mod 8) if p=11,17,31,33 (mod 40),

6 (mod 8) if p= 23,27 (mod 40).

Conjecture 7.2. Let p be a prime such that p = 1,3,4,5,9 (mod 11) and so 4p =
22 + 11y? for some integers x and y. Then

0 (mod 4) if t =0 (mod 2),
1+a = x
pl+an(p) { (1—1) (mod 4) if & = p (mod 4).
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Conjecture 7.3. Let p be an odd prime with p # 7.
(i) Suppose that p = 1,2,4 (mod 7) and so p = 2% + Ty? for some integers x and y.

Then

21+ (-1)F Z) (mod 8) if p=1 (mod 8),

2 (1— (1) (D)) (mod 8) ifp=3 (mod 8),

e ( (£)) (moas) irp=3 (mod's
2 (1 —1)2( (%))) (mod 8) ifp=>5 (mod 8),

0 (mod 8) if p="7 (mod 8).

(ii) Suppose that p=3,5,6 (mod 7). If p=1 (mod 8) and so p = x* + 16y* for some

x,y €Z, then p+ 1+ a14(p) =2(1 + (—1)¥) (mod 8).
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