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Let p be a prime greater than 3. In this paper, by using expansions and congruences for
Lucas sequences and the theory of cubic residues and cubic congruences, we establish
some congruences for E{i é} (;Z) /m* and ZKL g] (3kk) /m* modulo p, where [z] is the
greatest integer not exceeding x, and m is a rational p-adic integer with m # 0 (mod p).
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1. Introduction

Congruences involving binomial coefficients are interesting, and they are connected
with Fermat quotients, Lucas sequences, Legendre polynomials and binary quadratic
forms. In 2006 Adamchuk [1] conjectured that for any prime p =1 (mod 3),

2(p-1)

> (2:) =0 (mod p?).

k=1

So far this conjecture is still open. In 2010 Z.W. Sun and Tauraso [16] proved that for

any prime p > 3,
1

> () = (5) )

k



where (1) is the Jacobi symbol. In 2013 the author [13] proved the following conjecture
of Z.W. Sun:

(p—1)/2 (Qk) {0 (mod p2> lfp = 3’576 (mOd 7);

e 2 2 _
pr 42° — 2p (mod p?) ifp=22+Ty?=1,2,4 (mod 7),

where p is an odd prime and z and y are integers.

Let Z and N be the set of integers and the set of positive integers, respectively.
For a prime p let Z, denote the set of those rational numbers whose denominator is
not divisible by p. For a,b,c¢ € Z and a prime p, if there are integers x and y such
that p = ax? + bxy + cy?, we briefly write that p = az? + bry + cy®. Let {P,(z)}
be the Legendre polynomials given by Py(z) = 1, Pi(z) = z and (n + 1)P,1(x) =
(2n + 1)zP,(x) — nP,_1(x) (n > 1). For any prime p > 3 and ¢ € Z,, in [11] and [13]
the author showed that

Pg(t) = g?):] (2:> (3:) (%)k (mod p),

k=0

=5 ()8 (5

k=0

where [z] is the greatest integer not exceeding x. Recently the author [12-13] also estab-

lished many congruences forzp 1/2( ) (Sk)/m andzp 1/2( ) (5 )/m (mod p?),
where m € Z, and m # 0 (mod p). Such congruences are concerned with binary
quadratic forms.

Let p > 5 be a prime. In [18] Zhao, Pan and Sun obtained the congruence
ST 2R (%) = &((—=1)®D/2-1) (mod p). In [15] Z.W. Sun investigated >0y (°F) /m*

(mod p) for m # 0 (mod p). He gave explicit congruences in the cases m = 6, 7 8,9,13,
127
-» 4.3
Suppose that p > 3 is a prime and k € {0,1,...,p — 1}. It is easy to see that

2k
( )EO(modp) for £<k:<p,
k 2
4k P D
= f - —
(Zk) 0 (mod p) for 1< k< 5
k
(Sk)EO(modp) for §<k<g.
Thus, for any m € Z, with m # 0 (mod p),
[p/4] (41<;) (p—1)/2 (4k) [p/3] (Sk) (p—1)/2 ( )
ZQ—’ZE ~2~ (mod p) and Z%E Z ~52 (mod p).
=0 k=0 k=0 k=0

Let p be a prime greater than 3 and m € Z, with m # 0 (mod p). Inspired by the
above work, in this paper we study congruences for Lp:/ é] (Qk) /m* and Z[p /3] (3kk) JmF
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modulo p. Such congruences are concerned with Lucas sequences, binary quadratic
forms and the theory of cubic residues and cubic congruences. As examples, we have
the following typical results:

(1.1) Let p be a prime such that p = +1, +4 (mod 17). Then

[p/4] m
Z<—1)k<2k> = 17"/4 (mod p).

k=0

(1.2) Let p be a prime of the form 4k + 1 and so p = ¢* + d* with ¢,d € Z and 2 | d.
Let a € Z with pt (16a® + 1). Then

(p—1)/4 ¢ — 4ad . a2 .
S () = { D) ) 1055,
2k - e (16a241Y) _
k=0 0 (mod p) if ( 7 ) =-1.

: — /3l 3k . :
(1.3) Let p > 3 be a prime. If (&) = —1, then z = > /5 () (mod p) is the unique

solution of the congruence 23z* + 3z +1 =0 (mod p). If (&) = 1, then

[p/3] 3k 1 (mod p) if p= a2+ xy + 52y?%, 822 + Txy + 82,
Z ( k;) =< (392 — 10y)/(23y) (mod p)  if p = 1322 + xy + 4y* # 13,
k=0 —(87x + 19y)/(23y) (mod p) if p = 2922 + Szy + 2y* # 29.

2. Congruences for Ef:/ é] (;“Z) /m* (mod p)

For any numbers P and @, let {U,(P,Q)} and {V,,(P,Q)} be the Lucas sequences
given by

UO(Pa Q) = 07 Ul(Pa Q) = 17 Un+1(P7 Q) = PUn(P7 Q) - QUnfl(Pv Q) (n
%(P7 Q) = 27 ‘/1(P7Q) = P7 Vn+1(P7Q) = PVn(P7 Q) - QVn—l(Pa Q) (TL

It is well known that (see [17])

),

> 1
> 1).

1 P+ +/P?—4Q .. P—\/P?2—4Q.n) .
—{( : 2 D= 2 Q)} i P =4Q 20,
Un(P.Q) ={ VI —4Q
n(g)“ if P2 —4Q =0,
P+ /P?—4Q\n [P —+\/PT—4Q\n»
V”(P’Q):< : 2 Q) +< 2 Q)'
In particular, we have
(2.1) Un(2,1) =n and Un(a+b,ab):a::bn for a#0.



As usual, the sequences F,, = U,(1,—1) and L,, = V,,(1,—1) are called the Fibonacci
sequence and the Lucas sequence, respectively. It is easily seen that (see [3, Lemma
1.7] or [17, (4.2.20)-(4.2.21)])

Lemma 2.1 ([17, (4.2.39)]). For n € N we have
Usn(P @) =3 (7)) or
k=0

Lemma 2.2 ([13, Lemma 2.1]). Let p be an odd prime and k € {0,1,...,[5]}.

e 8]+ k Ak 1
(é] - k) - <2k;> oy (modp).

Lemma 2.3. Let p be an odd prime and k € {0,1,..., I%l} Then

(757) = 2 () o

Proof. It is clear that (?1) = (?) = ﬁ(i’“) (mod p).

Theorem 2.1. Let p be an odd prime and P,Q € Z, with PQ) # 0 (mod p). Then

Ip/4] ,

S () (LY = (—o)y w0 (P.@) (mod p)
ok ) \ 610

k=0

S (1) (:2) =

k=0

|
|
~—

=

S

A
e
e

=

o
(o
=

Proof. Using Lemmas 2.1 and 2.2 we see that

k=0 3 -k
(2] e (;Ulf;) 2 \E
=Y By (Zg) (modp)

Note that 2[8] +1 = (p + (_?1))/2 We deduce the first result.



Using Lemma 2.3 we see that

o0y - (Z30) 7 (E2209)

2 2
1 & e pLl_ g k k
= (k>P (V) + (-2V/Q)")
27 05
LS ()
_ 2 Pp%_2k;(2 Q)Qk
p—1
25 2k
[p/4]
2 4k _ p=1_
= 2% (2k) (_4) ZkP 2k(4@>k

By appealing to [7, Lemma 3.1(ii)] we have

[p/4] k
Vs (P.Q) = %(g)vp;(ﬂ (P?— 4Q)/4) = (%) i (4’“) (i) (mod p).

p

This completes the proof.
Corollary 2.1. Let p be an odd prime. Then

P N 1 12
> (51) 16 = 3(3) tmoa )

k=0

Proof. Taking P =2 and () = 1 in Theorem 2.1 and then applying (2.1) we deduce
the result.

Theorem 2.2. Let p be an odd prime and x € Z, with x # 0,1 (mod p).
(i) If p=1 (mod 4), then

S (1))

k=0

Ip/4]
p—1 4/{3 1

) d p).
L (%) ozyr (o )

(ii) If p =3 (mod 4), then

[p/4] p—3 [p/4]
> ()i = - 2) 22 (o) g s (ot )

k=0 k=0

Proof. If p =1 (mod 4), by Theorem 2.1 we have

lp/4] K . b
> (1) () = Chvnp e = (0% (0 S (3 i tmod )

k=0 k=0




If p =3 (mod 4), from [7, Lemma 3.1(i)] we know that Up- 1(2 x) = —(%)U%(Z,l -
x) (mod p). Now applying Theorem 2.1 and the fact (p) —(=1)®P=3/* we deduce
that

[p/4] Al 1
= ()"l — /Ay _
kzzo (%) 6oy = (—2) P (2,2) =2 PU (2,1 - 1)

, o P g 1
= x_[i](x — 1)[4} Z (Qk;) m (mod p).

So the theorem is proved.

Theorem 2.3. Letp be an odd prime and P,Q € Z, with PQ(P?—4Q) # 0 (mod p)
and (%) =1.

(i) If (4Q—P ) = —1, then Zp/4 (2k)<61222)k =0 (mod p).

(ii) If (© *46?) —1, then Y28 (3 (%)% = 0 (mod p).

Proof. Since (;) =1, it is well known ([2]) that U(p_(w))ﬂ(]?, Q) =0 (mod p).
This together with Theorem 2.1 yields the result.

As an example, taking P = 2 and @) = 5 in Theorem 2.3(i) we see that

(p—3)/4

1

8k:
k=0

(2.3) ( ) =0 (mod p) for any prime p =7 (mod 8).

Theorem 2.4. Let p be an odd prime. Then

(—1)%12T (mod p) if p=1 (mod 8),

4 p—3 p—3
%:] GZ) _ ) (=1)s 27 (mod p) ifp=3 (mod 8),
=0 (=16)* | 0 (mod p) if p=>5 (mod 8),
(—1)%2% (mod p) if p="7 (mod 8)

Proof. Taking P = 2 and ) = —1 in Theorem 2.1 we obtain

oA
2 <2k>( 16)™" = Ugyy=1))2(2, —1) (mod p).
k=0

Now applying [4, Theorem 2.3] or [7, (1.7)-(1.8)] we deduce the result.
Theorem 2.5. Let p > 5 be a prime. Then

[p/4] (4 (— 1)[M15[£] (mod p) ifp=1,3,7,9 (mod 20),
2 (_26k4)k =1 2(-)I15" (mod p) if p= 11,19 (mod 20),
=0 0 (mod p) if p=13,17 (mod 20)



and

[p/4] (4k) (—1)[1%05]5[%] (mod p) if p=1,9,11,19 (mod 20),
Z (—22)’“ = —2(—1)[%15% (mod p) if p=3,7 (mod 20),
k=0 0 (mod p) if p= 13,17 (mod 20).

Proof. Taking P =1 and ) = —1 in Theorem 2.1 we obtain

[p/4] (4k) ip/4] (4k>
o%) wo
g (—64)k — F@ (mod p) and g (—a)F = FPTH (mod p).

Now applying [14, Corollaries 1-2 and Theorem 2] we deduce the result.
Theorem 2.6. Let p be an odd prime with p # 17.
(i) If p=1 (mod 4), then
(p/4] m 0 (mod p) if p= £3,45,4+6,£7 (mod 17),
Z(—N(%) = 17?7V (mod p)  if p==1,+4 (mod 17),
k=0 —17%=V/4 (mod p) if p= 42, %8 (mod 17).

(ii) If p=3 (mod 4), then

17?=3/4 (mod p) if p= 41,44 (mod 17),
%(_Uk 4k\ _ —17%=3/% (mod p) if p=£2,48 (mod 17),
e 2k) ) 4-17%79/* (mod p)  if p==£3,45 (mod 17),
—4-17%=3/% (mod p) if p=46,%7 (mod 17).

Proof. Taking P = 8 and () = —1 in Theorem 2.1 we see that

(2.4) %(—1)’“(;”;)

k=0

U

(8, —1) (mod p).

P+
By (22), Upna(8,—1) = 4Up1 (8, -1) + %Vp%l(& —1). From the above and [10, Corol-
lary 4.5] we deduce the result.

Lemma 2.4 ([5, Lemma 3.4]). Let p be an odd prime and P,Q € Z, with
Q(P? —4Q) # 0 (mod p). If (%) =1 and ¢ = Q (mod p) for c € Z,, then

P — 2c 2
d . P2—4Q —
s (P.0) = ( ) (mod p) if (F529) =1,
0 (mod p) if (5=29) = -1
and )
0 (mod p) if (F579) =1,

p

Upa (P,Q) = E(P— 2

J(57) (mod p) i (F549) = -1,




Theorem 2.7. Let p be an odd prime and a € Z, with 16a* # 1 (mod p). Then

/4 N 0 (mod p) if (1*%‘12) =1,
kz:; <2k>a - (1 _4a) (mod p) if (A=10e2) = 1.

P

Proof. Putting P = 8a and @ = 1 in Theorem 2.1 we deduce that

[p/4]
4
Z (QZ)Q% = (-1)rMy, (5 1,(8a,1) (mod p).

k=0
By Lemma 2.4,

(~D)H0,, 5 (8a, 1) = (CDIE) = () (mod ) if (2251) = (5,

> 0 (mod p) if (02=L) = —(2).

Now combining all the above we obtain the result.
Theorem 2.8. Let p be a prime of the form 4k + 1 and p = ¢ + d? with ¢, d € Z
and 2 | d. Let bym € Z with gcd(b,m) =1 and p{ m(b* + 4m?). Then

O3S () () = ()% ()

k=0
( (Zgi—i:;l) (mod p) if 24b and (W) =1,
B (—1>(g”“;‘”2‘1+§(—((3%51%/2) (mod p) if4|b—2 and (V) = 1,
(H) (mod p) if 4 b and (W) =1,
[ 0 fmod p) if (PH) = — 1

p

In particular, for b= 8a and m =1 we have

L -6)E (@)

=0

dad ‘ 2
[ oy o) (=2 =1
0 (mod p) if (lﬁanH) =—1.

Proof. Putting P = b and (Q = —m? in Theorem 2.1 we see that

(00) (-2 ot

p—2 P

Uegs 0, —7) = m ( D Caie) = ()2

M
g



Now applying [10, Theorem 3.2] we deduce the result.
Theorem 2.9. Let p be a prime of the form 4k+1 and a € Z with pt (1+16a?)(1—
16a?). Let p = ¢* + d* with ¢,d € Z and 2 | d. Then

r 1 —4a ¢ —4ad

() + () (mod p) if (A3 = (e =,
1 _40/ . — a a
2@2/8:1 (8k) _ ) (=) (mod p) if (52) = —(59=) = 1,
4k o
k=0 ¢ — 4ad 1 ite "
L0 (mod p) if (118 = (1sely — g

Proof. Since

[p/8] (p-1)/4 (p—1)/4
8K\ 4k _ 4k\ o 4k k 2k
2 <4k>a = Z (2k>a + Z o (—1)%a™",

from Theorems 2.7 and 2.8 we deduce the result.
p/3] (3kY /.
3. Congruences for Y 7 (77)/m* (mod p).

Lemma 3.1 ([11, p.1920]). Let p > 3 be a prime and k € {1,2,...,[8]}. Then

Gg : :> - (3:) ﬁ (mod p).

Theorem 3.1. Let p > 3 be a prime and a,b € Z, with ab # 0 (mod p). Then

P 31N b2 )
Z (k)g = <_3a)7[§]U2[§]+1(9b, 3@) (HlOd p)

k=0

Proof. Using Lemmas 2.1 and 3.1 we see that for P, () € Z, with PQ) # 0 (mod p),

/3 1
g (PQ) = (1 )@
(3.1) =0 N3

= (—Q)¥ % <3:> (%)k (mod p).

Now taking P = 9b and ) = 3a in (3.1) we deduce the result.
Lemma 3.2. For n € N we have U,(1,1) = (—1)""(%).
—w)— _w2 n n— n
Proof. Set w = (—1++v/=3)/2. By (2.1), Up(1,1) = 2= — (—1)n1 (%),
Theorem 3.2. Let p > 3 be a prime. Then

9



—1 (mod p) if p= =42 (mod 9),
0 (mod p)  if p=+4 (mod9).

Proof. Taking a = % and b = % in Theorem 3.1 and then applying Lemma 3.2 we
deduce that

[p/3] B
Z (314:]6)% = (—1)[§]U2[§]+1(17 1) = (~1)§ (2[3]3+ 1) (mod p).
k=0

[p/3] (3k>
Ak —

ol

{ 1 (mod p)  ifp=+£1(mod9),

This yields the result.
Remark 3.1. Let p > 3 be a prime. By (3.1) and (2.1) we have

/3] .
kzzo (3,5) (;7) = (1)U 0(2.1) = (-)B(2[5] +1) = % (mod p)
and

[p/3] k
) 2 - (€) o

Lemma 3.3. Let p > 3 be a prime and P,Q € Z, with PQ # 0 (mod p). Then

=B L PP —4Q
—Qi Up—<§>_1(P7Q) (mod p) Zf(T) =1,
Usig)+1(P, Q) = o 2
3 - P d A
U, (PQ) modp) i (ET =
Proof. Since 2[£] +1 =p — (%) and T2V 52_462 = (P:F\/PQ2—4Q)/2’ we see that

Usje41(P, Q) = P21— 4Q{<P+\/§2_74Q>2[§]+1_ (P_ ]232—4Q)2[§]+1}
_ » B — %@
- le_ 4Q{<P+m) (* Pé )
(P Ry (e P

Since

(Pj:\/PQ ) PP+ (/PP —4Q)F _ P+ /P2 —4Q(P* -
2 - 2

P+ (E19), /P —4
= ( P 2) @ (mod p),

10



from the above we have

Q-3 (P4 (P /PP—4Q (P — /PP —4Q\
Uspz ]+1(P Q) = P2—4Q{ 5 ( >

2
P2-4Q r—(§)
_PoEROVPER e Iy
2 2 ‘
If (PQ%Q) = —1, from the above we deduce that
r—(§)
Uz11(P.Q) = ~Q~ = U,y (P.Q) (mod p)
3
If (PQ%Q) = 1, from the above and the fact oy 1232_462 = g we see that

(PF/P2-4Q)/2

-5

%—H(P Q) = _Qli Upf(g)il(Pa Q) (HlOd p)

3

So the lemma is proved.

Theorem 3.3. Let p > 3 be a prime and a,b € Z, with ab # 0 (mod p)

. Then
P .. 81 —12a
[p/3] <3k h2k ( 3CL>[§} Up*(%)71(9b7 3a) (mOd p) if (T) =1,
P 3
2 ) ak = 8152 — 12
k=0 ¢ —(=3a)5U,_ =N (9b, 3a) (mod p) if (Ta) —_—

Proof. From Theorem 3.1 and Lemma 3.3 we see that

[p/3]
3k b2
> (k)— (—3a) 15 Uyz111(9b, 3a)

ak
k=0

o 7p,(£) . 8]_b2 - ]_2(1
—(=3a)715 . (30)' =" Up*ég’q(%’ 3a) (mod p) if <—p ) =1
2
g =B ) . (810 —12a
(3a)" 3 Up%(g)ﬂ(%, 3a) (mod p) if ( » )

p

WS

—(—3a)7!

To see the result we note that 2[%’] =p—1-— p?,f%) and so

k)

(3a) 15! = (3a)151707Y = (3a)'5) (mod p).

Corollary 3.1. Let p > 5 be a prime. Then

/3] (3k F, @ (modp) if(E)=1,
Z (k) = g1 >
=0 (—27)F —on—(%)+1 (mod p) if (%) =—1

3

Proof. Taking a = —3 and b = § in Theorem 3.3 we obtain the result.

11



Theorem 3.4. Let p > 5 be a prime, and let €, = 1,—1 or 0 according as p =
+1 (mod 9), p= 42 (mod 9) or p = £4 (mod 9).
(i) If p=1,4 (mod 15) and so p = 2* + 15y* with x,y € Z, then

[p/6] (6K [p/3] 3k .
Gy _ (%) :{1(m0dp) if 31y,
2;:0 972k P = kZ:O (—=27)% | (z — 5y)/(10y) (mod p) if3|y—z.

(ii) If p=2,8 (mod 15) and so p = 5z* + 3y* with x,y € Z, then

[p/6] (6K [p/3] 3k -
Gy (%) :{1(m0dp) if 31y,
2,;0 o7k P kZ:O (=27)% | =(z +y)/(2y) (mod p) if3|y—=x.

Proof. By Theorem 3.2,

[p/6] (6K p/3] 3k 3k [p/3] (3K
21@2; % -2 ((2;]2 " (—(57))’““) =ep+ ) (_(g%k (mod p).

k=0

If p= 2%+ 15y*> = 1,4 (mod 15), by [6, Theorem 6.2] we have
0 (mod p) if 3| v,
—z/(5y) (mod p) i3|y—=
If p = 52% + 3y* = 2,8 (mod 15), by [6, Theorem 6.2] we have
0 d if 3 -2 d if 3
(33)  Fou = (mod p) i |y, and Lot = (mod p) ? |y,
3 xz/y (mod p) if3|y—x 3 1 (mod p) if3¢ty.

Note that 2F,,+; = L, + F,,. From Corollary 3.1 and the above we deduce the result.
Theorem 3.5. Let p be an odd prime with p = 1,2,4,8 (mod 15).
(i) If p=1,4 (mod 15) and so p = 2* + 15y* with z,y € Z, then

[p/3] .
3k\ 1 1 (mod p) if 3|y,
> ()a=1

paars —(3z +5y)/(10y) (mod p) if3|y—u.

2 (mod p) if3]y,

(3.2) Fpa = { —1 (mod p) if3+y.

and Lpy-1 E{
3

(ii) If p= 2,8 (mod 15) and so p = 52 + 3y* with x,y € Z, then
%3:] (Bk)i: {1 (mod p) i3y,
—~\k/)3 | (Br—y)/(2y) (mod p) if3]y—a.

Proof. It is known that U,(3,1) = Fy, = F,L,. Thus, putting a = b = % in
Theorem 3.3 we see that

E

%3:] (3:) B { —U%l,l(?), 1) = —Fp%lfleT_lfl (mod p) if p=1 (mod 3),
k=0

UpTHH(?), 1) = Foa g Lpn (mod p) if p=2 (mod 3).

12



It is easily seen that
2F 41 =L, xF, and 2L, =5F, £ L,.
Thus, if p = 2° + 15y> = 1,4 (mod 15), using (3.2) we see that
Fprl*lL%*l - le(Lpi’:l_Fpiil> (5F%_L%) = { (31x in;;)f()my) (mod p) Ez : z’— T.
If p =522+ 3y* = 2,8 (mod 15), using (3.3) we see that
1 (mod D) if 3 | v,

Fp LP = —(Lp F 5Fp L

Now combining all the above we obtain the result.
Theorem 3.6. Let p be an odd prime with (f) = (£). Then

%‘? (Sk) 1

_ 3k

i \F/(=3)

1 (mod p) if p = a® + xy + 88y%, 102 + Ty + 1042,
or 1122 + xy + 8y?,

—(25z + 10y)/(13y) (mod p) if p = 2522 + Twy + 492,

(43z + 12y)/(13y) (mod p)  if p = 432* + 37wy + 10y? # 43,

—(5z + 8y)/(13y) (mod p) if p = 5% + 3wy + 18y? # 5,

—(47z 4+ 9y)/(13y) (mod p)  if p = 4Tx* + Sy + 2> # 47.

Proof. Taking b = % and a = —% in Theorem 3.3 and applying (2.2) we see that

(e

k=0

-

1
Up,—;l—1(37 _]-) = —5(3[]%(3, _1) - Vp—;l(?)u _1)) (mOd p) if (1?3) =1,

1 .
_UPTHH(B’ -1) = —5(3(]%(3, —-1)+ Vz%l(?), —1)) (mod p) if (1;3) =—1.

Now applying [9, Corollary 6.7] we deduce the result.
Theorem 3.7. Let p be an odd prime with (§)(2)(&) = 1. Then

[p/3]
> (%)
k=0
1 (mod p) if p= 2%+ xy + 64y?, 322 + 3wy + 2212,
8x2 + xy + 8y? or bx? + Sxy + 1412,
—(171x + 74y)/(85y) (mod p) if p = 192% + Tzy + 4y* # 19,
—(63z + 65y)/(85y) (mod p)  if p= Tx*+ bay + 10y* # 7,
— (632 4+ 13y)/(17y) (mod p)  if p = 3522 + bay + 2y,
[ (992 — 29y)/(85y) (mod p) if p=112% + 3xy + 6y* # 11.

-
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Proof. Taking b =1 and a = —3 in Theorem 3.3 and applying (2.2) we see that

1
Un (9, =1) = (Vs (9,=1) = 00 (0,-1)) (mod p)  if () = 1.

1 .
—Uep (9, -1) = _5(‘/”#(97 —1) +9Ups1 (9, —1)) (mod p) if (£)=-1.
Now applying [9, Corollary 6.9] we deduce the result.

Let (u,v) be the greatest common divisor of integers u and v. For a,b,c € Z we
use [a,b, ] to denote the equivalence class containing the form ax? + bxy + cy?. It is
well known that

. a,b,cl = |c,—b,a] = |a,2aKk + b,ak” + 0Kk + C or € L.
3.4 b b 2ak + b, ak® + bk f keZ

We also use H(d) to denote the form class group of discriminant d. Let w = (=1 +
v/—3)/2. Following [6] and [9] we use ()3 (3 { m) to denote the cubic Jacobi symbol.
For a prime p > 3 and k € Z, with k* 4+ 3 # 0 (mod p), using [6, Corollary 6.1] we can
casily determine (MTJFQM);} In particular, by [6, Proposition 2.1] we have (%)3 =1
For later convenience, following [9] we introduce the following notation.
Definition 3.1. Suppose u,v,d € Z, dv(u®> — dv®) # 0 and (u,v) = 1. Let
u? — dv? =293"W (21 W,31 W) and let w be the product of all distinct prime divisors
of W. Define
2 ifd=2,3 (mod 4),
ky(u,v,d) =< 2 ifd=1 (mod 8), a >0 and a = 0,1 (mod 3),
1 otherwise,

gordsv+1 if 3| r and 3 1 u,

ks (u, v, d) = 9 if 311 and 3t u,
n 3 if31r—2,3|u and 91 u,
1 otherwise

and k(u,v,d) = ko(u, v, d)ks(u, v, d)w/(u, w).

Lemma 3.4 ([9, Theorem 6.1 and Remark 6.1]). Let p > 3 be a prime, and
P.Q € Z with pt Q and (@) = 1. Assume P> —4Q = df* (d,f € Z) and
p = ax® +bry+cy® with a,b,c,z,y € Z, (a,6p-4Q/(P, f)?) = 1 and b* — dac = —3k*d,
where k = k(P/(P, f), f/(P, f),d). Then

b kP (149,
(0 (mod p) if (PO, =,
2ax 4+ by ,—Q p—(%) - (tow)y
Up-as(PQ) =8~y () (CQ 7 (mod p) - if ( a )5 =,
2ax + by ,—Q r—(%) L P (1490)
ST Ty (- : d PS5 2
L kdfy ( P )( Q) 6 (mo p) Zf( a )3 w




and

o) (D)@ moap) i (% “1“”)3:1,
Vio-y3(P, Q) = b0 -
~(5)(=7) (@) (mod p) if (ZoEny g

Moreover, the criteria for p | U(p_(%))/g(P, Q) and ‘/(p_(%))/:;(P, @) (mod p) are also
true when p = a.
Theorem 3.8. Let p > 3 be a prime with (43) = 1. Then

/3 1 (mod p) if p= 2" +y + 527, 82° + Ty + 8y,
> ( k ) = { (392 — 10y)/(23y) (mod p)  if p = 132® + wy + 4y* # 13,
k=0 —(87x 4+ 19y)/(23y) (mod p) if p = 2922 + 5ay + 24> # 29.

Proof. Putting a = b =1 in Theorem 3.3 and applying (2.2) we see that
pm1yy 1 :
[p/3] <3k> (=3)3 . 6(9U%1(9,3) —Ve1(9,3)) (mod p) if 3 |p—1,

~(-8)"
Since (43) = 1 we have (%) = (_723) = (95) = land (%9) = (£). Thus p is represented
by some class in H(—207). From the theory of reduced forms we know that

H(—207) = {[1,1,52],[8,7,8], [4,1,13], [4, —1, 13], [2, 1, 26], [2, —1, 26]}.

Using (3.4) one can easily see that [2,—1,26] = [2,—5,29] = [29,5,2] and [8,7,8] =
8,23,23] = [23, —23, 8]. Note that

(1—9(1+2w)> _ (—23—9(1+2w)) _ (1—|—2w)

1
k=0 E(QULJ;(Q,?)) + VpTH(9,3)) (mod p) if3|p—2.

?

1—9(11+2w) B —3+1+2£3 B v
< 13 )f( 13 )f“”
<5—9(219+ 2w)) _ (—7+219+ 2w) 2

3 3

Since k(9,1,69) = 1 by Definition 3.1, putting P =9, Q =3,d=69, f=1and k=1
in Lemma 3.4 and applying the above we see that

0 (mod p) if p= 2%+ 2y + 52y2, 822 + Txy + 8y?,

26x + vy p=1 :
B _ —3) 6 mod if :13l‘2+$ +4 2 137
Up-(9,3) = 69y (=3) (mod p) ! yrny
s o8 ) p+1
_%(_3)2 (mod p) if p = 2922 + Say + 2y # 29
Y
and
2(=3)P"V/% (mod p)  if p = a® + 2y + 527
V, 0.3 = 20 3)P*V/% (mod p) if p = 8a® + Tay + 8y,
pm AT Y (=3)@ /6 (mod p) if p = 1322 + 2y + 412,

)
—(=3)®*t/6 (mod p) if p = 2922 + Sxy + 2y

15



Now combining all the above with the fact (—3)®~1/2 = (’73) = (%) (mod p) we deduce
the result.
Theorem 3.9. Let p > 3 be a prime with (£) =1. Then

31
[p/3] 3k .
> (%)
k=0
(1 (mod p) if p= 22 + zy + 70y%, 922 + 9y + 10y>
or 822 + 3xy + 992,
(152 — 14y)/(31y) (mod p) if p=5a? + xy + 14y* # 5,
(21z — 14y)/(31y) (mod p) if p="Ta?+zy+10y> £ 7,
(57z — 8y)/(31y) (mod p) if p=192? + Sxy + 4y* # 19,
—(105z + 17y)/(31y) (mod p) if p = 352* + xy + 2y°.

Proof. Putting a = —1 and b = 1 in Theorem 3.3 and applying (2.2) we see that

p—1 1 :
%3:} (3k>(_1)k - 37 . m(w%(@), —3) = Vi1 (9,-3)) (mod p) if 3 |p—1,
]{? - p=2 1
k=0 -3 . 5(9[];%1(9, —3) + V%(Q, —3)) (mod p) if3|p—2.
Since (£}) = 1 we have (= 393) ( 5’1) = (%) =1and (%3) = (£). Thus p is represented

by some class in H(— 279) From the theory of reduced forms we know that

H(—-279) = {[1,1,70],]9,9, 10], [2, 1, 35], [2, —1,35], [5, 1, 14], [5, — 1, 14],

7,1,10], [7, —1,10], [4, 3, 18], [4, —3, 18], [8,3,9], [8, -3, 9] }.

Using (3.4) one can easily see that [2,—1,35] =
| and

[35
19, 5,4], [8,3,9] = [8, —29,35] = [35,29,8] and [9,9, 1
[31,—31,10]. By [6, Example 2.1],

1,2], [4,3,18] = [4,-5,19] =
0] = [10,-9,9] = [10,31,31] =

9

(1—9(1+2w)) _q <—31—9(1—|—2w)> :<1~|—2w>

1 3 31 31
29 — 91+2w 24+1+2w 2441+ 2w 2
( )= ).( ), =ete=t
3 7 3
(1 1+2w> <—|—1+2w> <1—9(1+2w)> (3—|—1—|—2w)
3 3 ’ 7 3 7 3 ’
(5 91+2w) <9+1+2w)
=w
3 3 ’
(1—9(1+2w> < 4+1+2w> (—4+1—|—2w> 5
_— = =W -wWw=w".
35 3 5 3 7 3

Since k(9,1,93) = 1 by Definition 3.1, putting P =9, Q = =3, d =93, f = 1 and
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k =1 in Lemma 3.4 and applying the above we see that

(0 (mod p) if p = 2? + 2y + 70y%, 922 + 9y + 10y>
or 822 + 3xy + 9y?,
10 3
_ g;y(—) (mod p)  if p = 522 + zy + 1442 £ 5,
Yy p
14 3
Up)(9,-3) =< — x+y( ) (mod p) if p=Ta® + 2y + 10y* # 7,
3 93y ‘p
38x + by 3\ =
—M(—) 25 (mod p) if p = 1922 + Szy + 4y* # 19,
9y p
70 3
\ 53;_ Y (1—))3 * (mod p) if p = 3522 + xy + 2°
and
(/3
2(=)3@V/% (mod p)  if p=a® + xy + 7092, 922 + 9y + 10y,
p
3
—2(=)3®*H/S (mod p) if p = 822 + 3wy + 9y?,
— p
Voo (9, =3) =9 5
s (=)3%/6 (mod p) if p = 522 + 2y + 1492, 3522 + 2y + 292,
p
3
—(—)3(p_1)/6 (mod p) if p=T7x* + zy + 10y?, 1922 + Sy + 4y°.
\ D
Now combining all the above we deduce the result.
Theorem 3.10. Let p > 3 be a prime and a € Z, with (4sz)) = —1. Then
T = ,[fig} (k) (mod p) is the unique solution of the cubic congruence (27a — 4)z3 +
3z +1=0 (mod p).

Proof. As (%) —1 we have (W) = (_73)(@) = _(_73) = —(2).
Thus putting b = a in Theorem 3.3 we obtain
g‘é} <3k> g —(3a)p3:U;;31+1(9a, 3a) (mod p)  if p=1 (mod 3),
k (—3a)p?+1Up%r1_1(9a, 3a) (mod p) if p=2 (mod 3).

k=0

From [8, Theorem 2.1} or [9, Remark 6.1] we know that

1 —a =5 _
U, &) y(9a, 3a) = 57— 4 <?>(3a) 5 (=322 + 229 + 18a) (mod p)
and 3 o
Vy ) (9a,30) = (22)(30) 5" (a3 — 6a) (mod p),
3 p
where x is the unique solution of the congruence X* —9aX —27a? = 0 (mod p). Hence

9ClUp,(%> (9@, 3@) -+ (g) VP*(%) (9(1/, 3@)
3 3
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5
~(9a(—3af + 220 + 18a) + (27a — 4)(zf — 6a))

= 27a1—4< D )(?’a) 3

2 — p—(8)
- (?“)(3@) ~1(222 — 9azo — 12a) (mod p).

Now putting b = a in Theorem 3.3 and applying (2.2) and the above we deduce that

[p/3]
3k ko D p—(§)
Z ( L )CL = — <§> (3(1) 3 Up_(%)_‘_(%)(ga, 3@)

k=0
300 i (agp00.30) + (§)Vegp (00.30)
=—(z (92U, (2 (9a, 3 =) Vo2 (9a,3
<3)(3a> 3 2(3@)(1_(§))/2 aUp §3)< a, CL) + 3 p ;3)( a, CL)
_ (P p- ( =) B -1 1 —a L C NP B
= <3>(3a) 27&_4( ) )(3@) 6 (2z5 — 9axy — 12a)
1

= (222 —9axy — 12 d p).
3@(27(1—4)(% azo — 12a) (mod p)

As 23 = 9axy + 27a* (mod p) we see that

(222 — 9axy — 12a)(2z0 + 9a) = 3a(4 — 27a)z, (mod p).

Hence
[p/3
=—— (22— 9 —12a4) = ——+— d p).
; (k)a 3a(27a — 1) (20 ~ 9azo — 12a) = —5o=ran (mod p)
Set x = — %30 +9a Then zy = 22:‘1_& and

(27a — 4)2® + 3z + 1

Ty 3x0 _ 2Ta(x§ — 9axg — 27a?)
= (427 0 - 1=
( @) (2x0 4+ 9a)® 29+ 9a * (22 + 9a)3

As X = zy (mod p) is the unique solution of X? — 9aX — 27a*> = 0 (mod p) we see
that X =2 = Efﬁ’)] (*)a* (mod p) is the unique solution of (27a — 4) X% +3X + 1 =
0 (mod p). This proves the theorem.

Remark 3.2. Let p > 3 be a prime. By Theorems 3.8-3.10 we have:

5 RN

k=1
= p:x2~l—xy+52y2 orp:8x2—|—7xy+8y27é23,

> ()1 =0 modp)

k=1

18
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= p=a>+ zy+ 70y% 82 + 3zy + 9% or p = 92* + 9xy + 10y* # 31.
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