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ABSTRACT. Let Z be the set of integers, and let (m,n) be the greatest common
divisor of integers m and n. Let p = 1 (mod 4) be a prime, ¢ € Z, 2 1 ¢ and
p = c? +d?> = 22 + qy? with ¢,d,z,y € Z and ¢ = 1 (mod 4). Suppose that
(c,+d) = 1 or (d,z + ¢) is a power of 2. In the paper, by using the quartic
reciprocity law we determine ¢[P/8] (mod p) in terms of ¢,d, z and y, where [-] is the
greatest integer function. Hence we partially solve some conjectures posed by the
author in two previous papers.

MSC: Primary 11A15, Secondary 11A07, 11E25
Keywords: Reciprocity law; octic residue; congruence; quartic Jacobi symbol

1. Introduction.
Let Z be the set of integers, i = /—1 and Z[i]| = {a + bi | a,b € Z}. For any
positive odd number m and a € Z let (%) be the (quadratic) Jacobi symbol. (We

also assume () = 1.) For our convenience we also define (=%-) = (:%). Then for

any two odd numbers m and n with m > 0 or n > 0 we have the following general
m—1 n—1

quadratic reciprocity law: (%) = (=1)"2 "2 (X).

For a,b,c,d € Z with 2 1 ¢ and 2 | d, one can define the quartic Jacobi symbol

(%)4 as in [S4]. From [IR] we know that (%)4 = (g:—g;h = (%);1, where
Z means the complex conjugate of z. In Section 2 we list main properties of the
quartic Jacobi symbol. See also [IR], [BEW] and [S2].

For a prime p = 24k + 1 = ¢ + d? = 22 + 3y? with k,c,d,z,y € Z and ¢ =
1 (mod 4), in [HW] and [H], by using cyclotomic numbers and Jacobi sums Hudson
and Williams proved that

(mod 3),
(mod 3).

NS S

g5l { +1 (mod p) if c = £(-1)
+4 (mod p) ifd=+(-1)

Let p be a prime of the form 4k + 1, ¢ € Z, 2 4 g and p t q. Suppose that p =
2 +d? = 2%+ qy? with ¢,d,z,y € Z and ¢ = 1 (mod 4). In [S4] and [S5] the author
posed many conjectures on ¢!P/® (mod p) in terms of ¢,d,z and y, where [] is the
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greatest integer function. For m,n € Z let (m,n) be the greatest common divisor
of m and n. For m € Z with m = 2%my(2 { mg) we say that 2% || m. In the paper,
by developing the calculation technique of quartic Jacobi symbols we partially solve
many conjectures from [S4] and [S5], and establish new reciprocity laws for quartic
and octic residues on condition that (¢,z +d) = 1 or (d,z + ¢) = 2%. For the
history of classical reciprocity laws, see [Lem|. Suppose d = 2"dg, y = 2'yy and
do = yo =1 (mod 4). Assume (¢,x +d) =1 or (dp,z + ¢) = 1. We then have the
following typical results.
(1.1) If p= g =1 (mod 8), ¢ is a prime and q = a? + b? with a,b € Z, then

= ) ) ()T 2 (4 )

(1.2) If ¢ = 7 (mod 8) is a prime, then

P8 = { (=1)%(4)™ (mod p)  ifp=1 (mod 8),

(-1)* = (4)™Z (mod p) if p=>5 (mod 8).
= (C_di>q§1 =4™ (mod q)
c+di - v
(1.3) Ifp=1 (mod 8), ¢ = a® + b, a,b € Z, 2 | a and (a,b) = 1, then
(—1)5+5 (€)™ (mod p) if4|aand 2|z,
bt (—1)5HE(£)™ (mod p) if4|aand 21,
q 8 = —1 z+2
_)SE IR (2)m1 (mod p if 2] aand?2|z,
1 d
b—1+%+1

i+z;1<§)m—1 (mod p) 1f2 || a and 2'{/1‘

2. Basic lemmas.

Lemma 2.1 ([S4, Proposition 2.1]). Let a,b € Z with 24 a and 2 | b. Then

7: a?4b2-1 a2_1 b
_ R et a-(-nE)e
<a+bi>4 ! (=1) !

and iy
(D72 (a=b)=1)/4 g | p,

( 1+ ) B
a+bils _(71)(1;1(177(1)71_1
4

]

if2 | b.

Lemma 2.2 ([S4, Proposition 2.2]). Let a,b € Z with 24 a and 2 | b. Then

( ! ) —(—1)% and ( 2 ) —i(_l)a?%.

a+bi/a a-+ b




Lemma 2.3 ([S4, Proposition 2.3]). Let a,b,c,d € Z with2tac, 2| b and 2 | d.
If a+bi and c+di are relatively prime elements of Z[i], we have the following general
law of quartic reciprocity:

(i) =0

N

e=1lyd atb1 <C—|—di>
2 T2 2 .
a+bi/4

In particular, if 4 | b, then

(a—f—bi) B (_1)a§1.z2i<0+di)4.

c+di/a a+ bi

Lemma 2.4 ([E], [S1, Lemma 2.1]). Leta,b,m € Z with2{m and (m,a*+b*) =

1. Then o bin 2 2
( m >4:< m )

Lemma 2.5 ([S3, Lemma 4.3]). Leta,b € Z with2{a and 2 | b. For any integer
x with (x,a% +b?) = 1 we have

2
(af—bi>4 - (%W)

Lemma 2.6. Let a,b € Z with 2 | b and (a,b) = 1. Then

a+bi/a | (=1)*=i if2| b
Proof. By Lemmas 2.1 and 2.3,

(a —f[i bz'>4 - (a —i bi>4(ai|—bzl.)i>4 - (a—ibi>4<a—ibi>

- (a —i bi>4 ' (_1)%1'% (azbi>4 - (_1)%1'% <a f— bi>4<2>4

b a?_1 '17(71)17/2 a?_1

= (DT (- (=)

{1 if 4| b,
Sl (=D if2] b

Thus the lemma is proved.
For a given odd prime p let Z, denote the set of those rational numbers whose
denominator is not divisible by p. Following [S1,52] we define

k41

Qr(p):{k:| ke, ( )4=z"“} for r=0,1,2,3.



Lemma 2.7 ([S1, Theorem 2.3]). Let p be an odd prime, r € {0,1,2,3}, k € Z,,
and k* +1 # 0 (mod p).

(i) If p =1 (mod 4) and t* = —1 (mod p) with t € Z,, then k € Q,(p) if and
only if (E££)P=D/4 =¢" (mod p).

(ii) If p = 3 (mod 4), then k € Q,(p) if and only if (’;—J_r,f)(p“)/‘l =" (mod p).

Lemma 2.8. Let p be an odd prime, k € Z,, and n*> = k* +1 (mod p) with n € Z,
and n(n+1) #0 (mod p). Then (k+l)4 = (@)

Proof. For k = 0 (mod p) we have (&), = (%)4 = (-1)" = (32). So the
result is true. Now assume k #Z 0 (mod p). &

(
and so (%) = (”Tfl) By Lemma 2.4, (kﬂ)i = (k;r )

By [S1, Theorem 2.4], (k+z)4 =1 < k€ Qolp

k-+1 _ n(n+1)
(F5)a = (557)

\/,.3
H
=
]
=

3
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Lemma 2.9. Suppose c,d,m,x € Z, 24 m, 2?> = ¢ + d? (mod m) and (m,z(x +

d))=1. Then
(c+di> _ (M)

Proof. Suppose that p is a prime divisor of m. Then p { x(x 4+ d). If p 1 d, then
(2)?=(%)*+1 (mod p). Thus, applying Lemma 2.8 we obtain

c+di <+ (14 %) x(x
( ;d >4: <%>4: (CH%) - (#)

When p | d, we have p { ¢ and so

(55 = () =1=(5) - (559
()~ TLES5) AT = (550),

plm
where in the products p runs over all prime divisors of m. The proof is now complete.

Hence,

Lemma 2.10. Suppose c,d,x,y,q € Z, c =1 (mod 4), 2 | d, ¢® + d* = 2% + qv?,
y =2, yo =1 (mod 4) and (yo,z(x +d)) =

) 172 |2, then () = (-1) (e

. ¢ 7(m+d> d -1

(11) If?*l‘, then (m) = (—1) tl2t(cy+di)4.

Proof. Since ¢? + (z + d)? = 2z(x + d) + qy* we see that (¢? + (x + d)?,y0) = 1.
For even z we have 24 qy, ¢ + (z +d)? =1 (mod 4) and so

(C Y >:<02+(x+d)2>:<2x(x+d)>:(_1)yzl<x(x+d)>'

2+ (v +d)? Y Yy Y
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For odd z we have ¢? + (x + d)? = 2 (mod 8) and so

<(c2 + (acy—k d)2)/2>
- ((02 T (i:?fd)z)/z> =) )/Ht((c . (my: 2 )/2>

— (—UWt(%) (293(-1‘ +y? +qy2) _ (_DWt(w)'

Since 2?2 = ¢? + d? (mod |yo|), using Lemmas 2.9, 2.3 and 2.2 we see that

: —1 t,—1 ~1
(W) - <C_?L—0dz>4 - (c—?lJ—Odi)zL - (%)4 - (iidi)él - igt(cy—i— di>4'

Now combining all the above we obtain the result.

Lemma 2.11. Let p be a prime of the form 4k + 1 and p = ¢ + d? with ¢,d € Z.
Suppose q € Z., pt q and p = x* + qy? with x,y € Z. Then (x +d,c?) = (z +d, qy?)

and
2

2 2 2y _ 2
(qy*, ¢+ (x+d)*) = (v +d,c )(2,:c+d+ m)

Proof. Since (x,y)? | p we see that (z,y) = 1. If p | =, then p | qy? and so
p | y. This contradicts the fact (x,y) = 1. Hence p { . Since (z,c* + (v + d)?) =
(z,* +d?) = (z,p) =1and qy?> = d* —2°> + ® = ® + (v + d)? — 2z(x + d), we see
that (x +d,c?) = (v +d,2? — d? + qy?) = (x + d, qy?) and

(qy* ¢ + (z + d)%) = 2z(z + d), & + (¢ + d)?) = 2(z +d),* + (z + d)?)

) x+d c? v+d
=(z+d,c )(2<x+d702), CEYRE) +(w+d)m>
) c2 r+d
Al Cleeyvo RURK PRy vo)
2

Thus the lemma is proved.

Lemma 2.12. Let p be a prime of the form 4k +1 and p = ¢ + d? with ¢,d € Z
and 2 { c. Suppose q €7Z, ptq, p= 2>+ qy?, z,y € Z and (Ci/gi)él = (—1D)[EHnk,
Then
(=D™(4)* (mod p)  ifp=1 (mod 8),
gP/8 = c

(=1)™(4)¥¥ (mod p) if p=5 (mod 8).

xT

Proof. It is clear that (¢,d) =1, p{y and so

p—1

()" =( z/y ), = (Lt = (_1)[‘s’l+n(g)k (mod ¢ + di).

Y c+di




Thus (£)"7 = (—1)[E+7(4)* (mod p) and so

x>2[§] :{ (—D)™(4)* (mod p) if8|p—1,

18] — (B8 = (B (2
! (F1*(~g) (=1) (y ¥ (mod p) if8|p—5.

This proves the lemma.

4 Or

3. Determination of ¢/*/¥l (mod p) using (—CJF(”“:'d)i)

(e,

Theorem 3.1. Let p be a prime of the form 4k + 1, ¢ € Z, 2 t q and p 1 q.
Suppose that p = ¢ + d? = 2% + qy? with ¢,d,z,y € Z, c =1 (mod 4), d = 2"dy,
do=1 (mod 4), (c,z+d)=1,2 |z, y=1 (mod 4) and (Wh = 4k,

(i) If p=1 (mod 8), then

e [ (FD)F IR (mod p)  ifg=1 (mod 8),
8 =
(—1)5°+1 22(‘—;)’““ (mod p) if ¢ =5 (mod 8).

(ii) If p=5 (mod 8), then

v _ [ (DR
¢F = s e
(1) s (9"
Proof. Suppose 2™ || (x + d) and x = 2°x(2 { xg). Since 2 | z we have ¢ =
1 (mod 4). As (c,x +d) =1, by Lemma 2.11 we have (qy,z +d) =1 and (qy?,c* +

(x+d)?) = 1. Note that (x,y)? | p. We also have (x,y) = 1. Using Lemmas 2.1-2.5,
2.10 and the fact that ()4 =1 for a,n € Z with 2{n and (a,n) = 1 we see that

Z (mod p) ifgq=1 (mod &),

xT

)er
Z (mod p) if ¢ =5 (mod 8).

o () () ().

:(—Qx(x+d)+c2—|—(x+d)2) ( Yy )

c+ (x+d)i 2+ (x+d)?
- (%)4(_1)%1(02— dz'>4
and
—2zx(x + d) mts+l  —gxo(x + d) /2™
<%>4:<ﬁ>4++ ( (ii-(;—i-d)i >4

Zm+d(m+s+1)( 1)a:o(as+al2)/2m+1_QCT.ML( c + (:L‘—i—d)l )
xo(z+d)/2m /4

_ (_1) zo(z+d2)/2m+1.%dz_z;d(m+s+l) (C + di) < C )

zg(z+d)/2™+1 a:+d z+d
_ (_1) 5 i (m—|—s+1)

_|_
_ (_1) :co(x+d2)/2m+1 I;dlz+d(m+8+1) %< 2 )—s< >
+d c+ di
zg(z+d)/2™+1 z4d z+d zQ d dg
=(—1 e (m+s+1) % 24729 >
(=1) ‘ (=1) c+di
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Therefore,

e (—1) zo(z+d2)/2’m+1,:c;-d+zo21,621+?J21i22d(m+8+1)_gs<$—/y> .
c+di/a

y—1 1) a(y?-1) p—q—a2 . (_1)1)7;74 lf 2 || Z,
(-1 if4|x

and

ds— 23 (m+s+1) _ i 28 (m+1)—2s _ (_1)W — 2

2
TR ) 2| g
(—1) if 4.

From the above we obtain

(1%

c+di/a

(3.1) (—1)mEp et e ety e g || g
(_1) zo(m+d2)/2m+1.%d+m0271.%+% ) (_1) (m+121(z+d) /Lk 1f4 | -

(m+1)(x+d)
4

When 4 | (z + d), we have (—1) = (—l)xTer. Forp=q¢=1(
have 4 | d, 4 | z and 4 | (z + d). For p =1 (mod 8) and ¢ = 5 (mod 8), w

zo(x 12+1
2|2, 4|d 2| (x+d), m=1and (1) :

e
e )
For p = 5 (mod 8) and ¢ = 1 (mod 8), we have 2 || d, 2 || =, 4 | (z + d)
m > 2. For p=¢q =5 (mod 8), we see that 2 || d, 4 | z, 2 || (x +d), m = 1 and
(—1)10(%@/2+1 = (—1)%“7”% = (—1)§+ZOT+1. Now, from the above and (3.1)
we deduce that

T4k if p=¢g=1 (mod 8),

“T2ik+1 if p=1 (mod 8) and ¢ = 5 (mod 8),
L if p=>5 (mod 8) and ¢ = 1 (mod 8),
T4k if p=¢q=>5 (mod 8).

(—1)
z/ (-1
<c+?jli)4: ( 1)p§5
)

This together with Lemma 2.12 yields the result.

Lemma 3.1. Let p be a prime of the form 4k + 1, ¢ € Z, 21 q and p { q. Suppose
that p = ¢ + d? = 22 + qy? with ¢,d,z,y € Z, c =1 (mod 4), d = 2"dy, y = 2%y,
do =yo =1 (mod 4), (c,z+d) =1 and 2t z. Assume that (Wh =i*. Then

=1 1—(=Lyg zt
—1.d, (= 2 =z—
.a q + . xT c

—1 — 1

q—(==) '17(%>q+<71)%176+k71 if8 ‘ (p - 5)

(x/y> _ )=l

c+ di




Proof. As (¢,z + d) = 1, by Lemma 2.11 we have (qyo,x + d) = 1 and (qy3,c® +
(x4 d)?) = 1. Note that (z,y)? | p. We also have (z,y) = 1. It is easily seen that

x+;lj:c+i(m+2d)—ci>

et (@ d)i =i 7 (14 0)(

and so
x+d=+ce\? +(x+d)—c\2 A+ (x+d)?
() (ethmey feerar
2 2 2
Set ¢ = (—1)pT_1+IT_1. Since 4 | d <= 8| (p—1) we see that x + d = € (mod 4)
and 4 | (e(z + d) — ¢). Using Lemmas 2.1-2.5, 2.10 and the above we see that

w—l—cg-i-ec + €($+2d)—0i

(=0T O,

—1

q_<T) l1—¢ <_Tl)q_1 g—1 e(z+d)—c q
= (_1) T Tz ¢ 4 (_1)7' 1 ( >
z+d+ec + e(@t+d)—c: /4
2 2 ¢

and

q
< :c—l—d2—|—sc + €($+2d)—6i > 4

2 2

(o ) g )

m+(:l2+ac + 5(m+2d)fci 4 x—l—cé—i—sc + 5($+2d)*ci 4

(ot d? vy ¢ y )

- z c e(z+d)—c x c e(z+d)—c
tdtee 4 sletd)=c; /g \(zhdteeyr | (sletd=c)o

- ( x—ngec +25($+2d)—ci>4( m+c;+:jf :(_gj-zd)—ci>4 < (¢ + (Z’y-i- d)2)/2>

T c — —|—d—|— €( +d)— .
:i(_l)(-i-d-i-z)/?lg(mzd)c(_l)m(ﬁzdwl‘e(zzd)c(w g ec 4 T . c@)
z(z +d) 4
2@, a, Y
(L)
(=1) c+di/4
Obviously i~ = (~1)it, (~1) =5 = (- P05 — ()=
and so
e e e ad e s
_ (_1)%_e(w+4d)7ci5(z+4d)7c
Also, (—1)% — (_1)“”2;1+%a:+1 _ (_1)g+1 and (—I)M — (- )e(z+4d)fc
Thus,

(z+d+4ec)/2—1
2

e(xz+d)—c z(x+d)+1 e(xz+d)—c
4 2 ’ 1

2—(@+d)?, 4
—5 t;5t

D (1) (1)
¥'€(m+4d)fcis(z+4d)fc (_1)(%+1) E(CD+4d)7C ) (_1) E(z+4d)7cti%t

= (-1)
_ (_1)(1;5 +%+t)5(m+4d)—cia(x+4d)—c+%t.
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It is easily seen that
+d+ e(zt+d)—c,;
T 5 EC _|__ 5 7

( x(x + d) )4

B (a:—l—d—l—sc—i—(a(x—l—d) —c)i) (az+d+sc+(5(m+d) —c)i)
N x 4 x+d 4
d—+ ec d—c)i c—ci —1)(c+di —1
:< = +:z:(€ ))4({:qx—i—c1l>41:<(8 )i+ ))4<;—|—d)4

- (ac(i;zd)>4<ctvdz>4 - (Z;(x(i—’c_l)l))4<c—;dl>4
:<a:(x:—d)>42(x(lxizd)>4(_1)z§1g(cfdz'>4
_(-1) (;c(d+;c))2—1,¥Z,(_1)d/2z(x+d)—1 (_1)96;1.% (Cfdz,>4.

Now combining all the above we deduce that

qi(%l) 1—e, g—1 e(ztd)—c (%)qfl

ik — (_1) 1 7 t72 1 7 1
(3.2) x (—1) (T E S
y (_1)<z<d+§)>21.s-;+z;1.gi<1>d/%;<z+d>1< x/y'> .
c+di/a

It is clear that
e(z+d)—c
(=) =(-1) =(-1) =(-1)
B (-1)% if 8| (p—1) and so d =y =0 (mod 4),
G

c(etd)—c e(z+d)tc (z+d)2—c2 2d2 42dx—qy>
1 2 s B

—E&

:(—1)%’“2 if 8| (p—>5) and so d =y =2 (mod 4)

and

(=1)

22 (z+d)2 -1 (—1)/ 2 (z4+d)—1
8 4

s ey (8

(=142 (dwt1)—1
4

(—1)% if 8| (p—1) and so 4| d,
(_1)d0z+1 =¢ if8|(p—>5)andsod=y=2 (mod4).
Since z + d = ¢ (mod 4) and (—1)% = (—1)1%1 we also have

_5(m+d)—c+ (—1)d/21($+d)—1+%t

7 1
—1)4/ 25(a4d)—1 e(z+d)—c (—1)P—D/4z(ata)y—1
:(_1>( ) 4( ) Z,( 4) _(=1) - ( ) —‘,—%t
d/2 —1)/2
_ (_1)(71) / i(x+d)7li€(x+d)17(71)(f )/ x_czl_'_%t
(=D 2z(@4d)—1 | =1 1-(=D@"1D/25 .4
= (_1)++%if+%+%t
d c—1 d _c—(—l)(w_l)/zx .
I G LR e 1 e e if 8] (p—1),
o c—1 cf(fl)(z /2, 1—e _ —( 1)(171)/2

Tt i 8| (p—5).



c— 2 D
Note that (—1)F = (—1)"% = (=1)"" 5 = (=1)[5]. From the above and (3.2)
we deduce the result.

Theorem 3.2. Let p be a prime of the form 4k +1, ¢ € Z, 24 q and p 1t q. Suppose
that p = ¢ + d? = 2% + qy* with c,d,x,y € Z, c =1 (mod 4), d = 2"dy, y = 2yo,
do=yo =1 (mod 4), (c.x+d) =1, 21z and (LEEDE), = ik,

(i) If p=1 (mod 8), then

(—1)"= +5+HE(4)F (mod p) if ¢ =1 (mod 8),

— (_1)%#”;1-%%(%)’“1 (mod p) if ¢ = 3 (mod ),
70 = (1) T+ (D)1 (mod p)  if g =5 (mod 8),
(=) 5 (4)E (mod p) if g =7 (mod 8)

(—1)55 +25 ()*=1Y (mod p) ifg=1 (mod 8),
es _ ) C)TE M (modp) g =3 (mod ),
) Co® @ (mod p) #g=5 (mod 8)
(—1)S T2 (DR (mod p)  if g =7 (mod 8)

Proof. Suppose ¢ # (—1)@=1/2z and 2™ || (¢ — (—1)®~Y/2z). Then m > 2 and
2mt | (¢ —x)(c+x). As d? — qy? = —(c — x)(c + x) we see that 2™+ || (d? —
qy?). We first assume p = 1 (mod 8). Since 4 | d and 4 | y we have m > 3 and
2773 ()% — a(%)?). Thus,

(nETD/2 . (@D 2e e g3

i 2 =(=1)" s =(-1)

NI

= (-1 @79 = ()it

This is also true when ¢ = (—1)@~1/22. From the above and Lemma 3.1 we deduce
that

po1, () 4
( z/y ) B (—1)5F gk if g = 41 (mod 8),

. - B 75(;1) o
c+di/a (_1)%+¥+%.%+%+%ik—l if ¢ = £3 (mod 8).

Al
NI

Now applying Lemma 2.12 we deduce (i).
Suppose p = 5 (mod 8). As qy? — d® = 4(qy2 — d2) we get 271 || (qu2 — d3).
Clearly qy2 — d2 = ¢ — 1 (mod 8). Thus

3 (mod 4) ifm =2,
g=1< 5 (mod8) if m=3,

1 (mod 8) if m > 3.
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For ¢ =1 (mod 4) we have 8 | (¢ — (—l)szlx) and

i(*l)(zi41)/2zfc _(_ (*1)(m781)/2zfc _ (_1)2m—3 _ (_1)%1.

This is also true when ¢ = (—1)®~1/2z, Thus, using Lemma 3.1 we deduce that
< z/y ) (—1)%+%+%ik_l if ¢ =1 (mod 8),
ctdi/a (—1)5F+ 57k if =5 (mod 8).

Now applying Lemma 2.12 we deduce the result in the case p = 5 (mod 8) and
¢ =1 (mod 4). For ¢ =3 (mod 4) we have 22 || (¢ — (—1)®=1/2z) and so

x—1 x—1

c— (—1)7z

T
q¢=qys =2c 2 —4( 1 ) +dy =2 1 —441 (mod 8).
z—1)/2 —n@E=D/2. il .
Thus, M = — 253 (mod 4) and so i~ =i~*%". Using Lemma
3.1 we see that
( z/y ) (—1)5 57 k1 if ¢ =3 (mod 8),
c+di)4 (-1 5+ ik if ¢ =7 (mod 8).

Now applying Lemma 2.12 we obtain the result in the case p = 5 (mod 8) and
g =3 (mod 4).
Summarizing all the above we prove the theorem.

Remark 3.1 We note that the & in Theorems 3.1-3.2 depends only on —- (mod g).

Corollary 3.1. Let p = 1,49 (mod 60) be a prime and so p = c¢* + d? = x® + 15y
with ¢,d,x,y € Z. Suppose c =1 (mod 4), d = 2"dy, y = 2'yg, dg = yo = 1 (mod 4)
and (c,x +d) = 1.

(i) If p=1 (mod 8), then

(=1)7 (mod p) if =55 =0,%£1 (mod 15),
155 ={ —(~1)% (mod p)  if 2, = +4 (mod 15),

¢ (mod p) if 55 = +5,£6 (mod 15).

(=1)= £ (mod p) if 255 =0,%1 (mod 15),
15 ={ ~(-1)"7 L (mod p)  if -5 = 4 (mod 15),
F(-1)* & (mod p) if —5g = 15,46 (mod 15).
11



Proof. Clearly z is odd . Thus, putting ¢ = 15 in Theorem 3.2 and noting that
(see [S1, Example 2.1])

_ _ _ 1  ifn=0,£1 (mod 15),
n-+1 n-+1 n-+1 e
( o >4_ ( 3 >4< = >4— —1 if n =44 (mod 15),
Fi ifn=+5 +6 (mod 15)

we deduce the result.

For example, since 61 = 5% + (—6)2 = (=1)2 +15-22 (5,—1 —6) = 1 and
——% = —5 (mod 15) we have

=t =62 —% = 22 (mod 61).

Theorem 3.3. Let p be a prime of the form 4k +1, ¢ € Z, 24 q and p{ q. Suppose
that p = ¢* + d? = 2% + qy* with ¢,d,z,y € Z, c =1 (mod 4), d = 2"dy, y = 2yo,
do=yo =1 (mod 4), (do,z +c) = 1 and (LEEI=1), =k,

(i) If p=1 (mod 8), then

(—1)[112](%)k—1% (mod p) if 2] x and so ¢ =1 (mod 4),
¢"F = (-1 (DR (mod p) if 212 and g =1 (mod 4),
_(—1)%3'%1 (4)*L (mod p) if ¢ =3 (mod 4).

Proof. Suppose x = 2°z¢(2 1 z¢) and 2™ || (x +¢). As (z+¢,dp) = 1, by Lemma
2.11 we have (qyo,z +¢) = 1 and (qu3, (z + ¢)?> + d?) = 1. Note that (z,y)? | p.
We also have (z,y) = 1. If m < r, using Lemmas 2.1-2.5 and the fact (%)4 =1 for
a € Z with (a,q) = 1 we see that
(3.3)

. . d -
(Aolotety (22 (1) (B et (S
q 1 q /a\q/4 q 4 zre y 4
SRt () ()
x+c+ii4 $—|—c_|_i,i4
d

2 1 a

Q+q;. C
—(~1)F +1( _

+ d ; z+c)24d? )°
C ot gmd Ja\ lTho ot



If m = r, then clearly
(3.4)
z4+c+d  x4c—d,

d—(z4e)iy =27\ (i (SR aiy 2\ 1+ fekd _ ziesdy
(T>4_< q )4(5)4(7)4_<5>< q )4( q >4'

If m > r, using Lemmas 2.1-2.5 we see that

(3.5)
. d z+c,;
(d—(m+c)z> :(27— o 2) :(_1)%1.;;;1((1 q >
q 4 q 4 2—T—$2";CZ 4
2 2
:(_1)"%1'5?ii< ay )( y )
1 mte 2 2 _
:(_1)"21~2ﬁ;1<($+6) jd m+c2§v(w+c)> ( N 2)
or — gr t 4N (37)? + (%)

= (-)*= 2 (—jw_(xgiccl) )4 ( T C)Qij d2)/227‘>'

2T 2"

By considering the three cases m < r, m = r and m > r and applying lemmas in
Section 2, one may deduce the result after doing horrible long calculations. We only
prove the result in the case m < r (including 2 | z and 4 | x — 1). The remaining
two cases can be proved similarly. For the details in the cases m = r and m > r, see
the author’s fourth version of “Quartic, octic residues and binary quadratic forms”
in arXiv:1108.3027.

Now suppose m < r. Then

(c2+d2—x2>
z+c d :
21»1 +2—ml 4
B <—2a:(a:—|—c)+d2—|—(a:+c)2) B <—2x(a:—|—c)>
rhe 4 4y 4 \zke g dji)y
2m+s+1

_( )( —Tp )((x+c)/2m>
“\axe , a4, te . d tc . d .
T toami/ANGE gm i AN G g e

ztc - zte x+c da . z4c d
‘(_1)< zm /2 zmd+1 (m+s+1)(_1)( 02+1+ = l)gmd—H ( 2™m + 2ml> ( 2m + 2mZ>
xo 4 ztc 4

I
~

z+c L‘;‘nc_._x . .
:i(_1)<2m 1)/22md+1 (m+s+1) (_1) PL 0'2md+1 ($+C+d2) < (4 ) '
o 4 4

(o) = () = 0 (),

- (_1)%.%771 (c—fdi>;s<cfdi>4 B (_1)%.m0271i_%8<cfdi>4'




Thus,

<02 +d? —x2>
x+c d
om T gmt /4

éj—n +zg

x +C
— ()T g 1)

*1>/22md+1(m+s+1)—gs< 2 )( T >
2L/ \e+di

As ((z+¢)* +d?)/2*™ =1+ 4d/2™T (mod 8) and 2? = ¢ + d? (mod |yo|), using
Lemma 2.9 we see that

<((CL‘ +c)? i dz)/22m>
- (((ac T c)ztiodz)/22m> = (—1)z t( st d2) e (Qx(z; C)>
T e )
G IR e )
() - (),

From the above and (3.3) we deduce that

(3.6)

(d— (9;+ c)i>4 _ (_1)%#1;1.# (1) Zinc;aco 4y g<%>

If m=0,then 2tz +¢, 2|2, 2ty and so g =p =1 (mod 4). Thus, from (3.6)
we deduce that

(A te) et () (2

q r+c/\c+di/a
. _ au2— 2 2_,2 2_ 2
Since (d—(ﬂ;—i-c)l)4 = ’L'k, (_1)q41 = (—1)yTl = (—1)% = (—1)d 1 =
(—1)%_% and
< i ) R (_1)%4@ _ (_1)‘“’18’d2+%(%2+” _ (1)
T +c

from the above and the fact dy =1 (mod 4) we derive that

d
k=2

(_1)[§]+%_[%“]+%ik _ (_1)[%]-1—%-!—[%]2% if p=1 (mod 8),
Bl [=H2] k-1 if p=5 (mod 8).

<_ﬁ”/?jl.) N R MCAREINERNINE
c+ar/a
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Now applying Lemma 2.12 we obtain the result in the case m = 0.
Ifm=1<r thenz =1 (mod 4), s =0,4 | d and p = 1 (mod 8). Since
p=2%2=1 (mod 8) we have 8 | qy? and so 4 | y. Thus,

e (5 e S ()

54(%+%>:d+yﬁmﬂ8)

and so 23 = ¢ — d — y (mod 8). Therefore ¢ =1 (mod 4) and

2 ce=1_,d y -1 . d. .y p=1_.d_ y
= _— = —1 4+Z+Z: —1 8 +Z+Z: —1 8+Z+Z_
() - (=) - v (-1 (1)

Hence, from (3.6) we deduce that

[\

d—(x+c)i ®>~1,4-1 4 o ma d p=l,d y z/y

<T>4 =(-1)"= +5 1 (=1)7TFT i (=11 (—1)= +tit3. (m>4
:(__)p§”+q‘1+i£;%+%< z/y )
c+di/a
. _ 2_
Since (@)4 = i*, we get (Ci/gih = (-1 5+ 8% Now applying
_ 2_

Lemma 2.12 we obtain ¢"s = (—1)"s 1+q71'%+%(%)k (mod p) as asserted.

Now we assume 2 < m < r. Then z = 3 (mod 4), s =0, 8 | d and so p =
1 (mod 8). Since qy? = d? — (z + ¢)? + 2¢(x + ¢) we see that

2 2
Y  o2r—m—1 32 _1/T+c x—+c
q2m+1—2Tm dg —2™ <2m> c- o

Asm > 2 and 2r > 2(m + 1) > m + 4, we must have 2™F1 || 42 2 | m + 1,
t ="t and ¢ = —2""! + ¢+ ZE¢ (mod 8). Thus m > 3, Lt = ¢(2m~! 4+ ¢) =

2 2m

c—1+2""1 4+ ¢ (mod 8) and so ZEE = ¢ (mod 4). Therefore, by (3.6) we have
(W) _ (_1)q2§1+2md+1‘m2“ ( 2 )(_1)2md+1t(iy.)
q 4 c—1+2m-14gq c+di/4
= (cp)e (L)
c+di/a
c— e p— —(z+c)t .
Note that (—1)T = (—=1)5 = (-1)"%, (=), = i* and
_ 1 ifm >3, 1 ift>2,
T SO S S
—1 ifm=3 -1 ift=2
We then get (Cgir/gi)4 = (=1)% *#i*. Recall that 8 | d. Applying Lemma 2.12 we
g+1

obtain ¢"% = (1) (d)k = (—l)T'%JF%(‘—Ci)k (mod p). This proves the result in
the case 2 <m < r.

Summarizing all the above we prove the theorem.
15



4. New reciprocity laws for quartic and octic residues.

Theorem 4.1. Let p and q be primes such that p =1 (mod 4) and ¢ = 3 (mod 4).
Suppose p = 2 +d? = 22 + qy?, ¢,d,x,y € Z, c =1 (mod 4), d = 2"dy, y = 2yo,
g+1

do = yo = 1 (mod 4) and (=) = ™ (mod q). Assume (c,x +d) = 1 or
(do,x+c)=1. Then

gP/8 = { (_1)%+%‘151(%)m (mod p) if p=1 (mod 8),
LD F ()™ (mod p) ifp=5 (mod 8).

Proof. Since p =1 (mod 4) and ¢ = 3 (mod 4) we see that ¢ { z and x is odd. We
first assume (¢, z + d) = 1. By Lemma 2.11 we have (q, (z + d)(c® + (z + d)?)) = 1.
It is easily seen that Z?Eiig%;i = Z;Eiiggz = <4 (mod ¢). Thus, for k =0,1,2,3,
using Lemma 2.7 we get

<c+ (Ji]—I— d)i>4 _

c—di)%

— =™ (mod q), from the above we deduce that

Since (
(c-l—(m—i—d)i) _ mtf _ (—1)%2"”+1 if ¢ = 3 (mod 8),
q 4 (—1)%m if g =7 (mod 8).

Now, applying Theorem 3.2 we derive the result.

Now we assume (dg, x+c) = 1. By Lemma 2.11, (¢, z+c¢) = (q,d*+ (z+¢)?) = 1.
d+(z+c)i _ c—di

It is easily seen that (mod ¢). Thus, for £ = 0,1, 2,3, using Lemma

d—(z4c)t — -—=x
2.7 we get
d—(x+c)i .
(A=)
q 4
__d Qrlq) = _mic_i)%lzzk(mod )
T+ K\ - +i B 1
= (d-l—(:z:-l—c)i)%l:ﬁ (mod ¢q) <= (C_di)%l:@k (mod q)
d— (x+c)i N 1 —x N 1
. g+l )
= (C xdz> =Y (mod q).
: c—diyatt _ .m d—(z+c)i —
Since (==*) ™« = ™ (mod g), from the above we deduce that (TM =
g+1 1

imT T = (—1)%2'7”. Now applying Theorem 3.3 we deduce the result. The proof

is now complete.
16



Corollary 4.1. Let p =1 (mod 4) and ¢ = 3 (mod 8) be primes such that p =
2+ d? = 22 + qy? with ¢,d,x,y € Z and q | cd. Suppose ¢ =1 (mod 4), d = 2"d,,
y =2y and dy = yo =1 (mod 4). Assume (c,d+x) =1 or (dy,x +c¢) = 1.

(i) If p=1 (mod 8), then

- { +(— 1) i * (mod p) if 2 = +c (mod ),
q 8 = 3 l d . _
£ (mod p) if x = +d (mod q).

(ii) If p=5 (mod 8), then

pos +Z (mod p) if © = +c¢ (mod q),
q = a—
:F(—l)%% (mod p) if z = +d (mod q).

Proof. If z = +¢ (mod q), then ¢ | d and so (C dz)

If x = +d (mod gq), then ¢ | ¢ and so (del) = (Fi)
Now applying Theorem 4.1 we deduce the result.

( 1) Zi (mod q).
= F(~1)"F i (mod g).

hQ
"ﬁ\* |||

We note that Corollary 4.1 partially settles [S5, Conjecture 4.3].

For example, let p be a prime such that p = 13 (mod 24) and hence p = ¢® +d? =
2% + 3y? with ¢,d,z,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dy, y = 2'yo and
do=yo =1 (mod 4). If (¢,x+d) =1 or (dy,z + ¢) =1, then

= +¥ (mod p) if x = £c (mod 3),
5 =
:F‘j—g (mod p) if z = +d (mod 3).

This partially solves [S4, Conjecture 9.1].

Theorem 4.2. Let p and q be primes such that p = 1 (mod 4), ¢ = 7 (mod 8),
p=c+d*=2>2+q? c,dyx,y € Z, c =1 (mod 4), d = 2"dy, y = 2'ys and
do =yo =1 (mod 4). Assume (c,z+d) =1 or (dy,x+c) = 1. Suppose (g;g;)% =
i"™ (mod q). Then

/8 = { (=D (H)™ (mod p)  ifp=1 (mod 8),
L DT E™E (mod p) if p=5 (mod 8).

Proof. Observe that

q+1

(2 +d)% (22 +q2)s

<c—dz’>q?§1 _ (e—di)"

(c — di) =S (c—di)qil
c+di B

1

(mod q).

The result follows from Theorem 4.1.

We note that if ¢ { d, then the m in Theorem 4.2 depends only on § (mod q).
17



Corollary 4.2. Let p =1 (mod 4) and ¢ = 7 (mod 8) be primes such that p =

2+ d? = 2% + qy? with ¢,d,x,y € Z and q | cd(c® — d?). Suppose ¢ =1 (mod 4),

d=2"dy, y = 2o and dy = yo = 1 (mod 4). Assume (c,z+d) =1 or (dg, z+c) = 1.
(i) If p=1 (mod 8), then

(1) % (modp)  ifqle,
vt} (=1)% (mod p) ifqld,
7= +(-1 q169+%% (mod p) if16| (¢ —7) and ¢ = £d (mod q),

(=1)6 t% (mod p) if 16 | (¢ — 15) and ¢ = +d (mod q).

()T L (modp)  ifaqle
ps (=1)7= 3 (mod p) ifqld,
j:(—l)%’w%lf—i’ (mod p) if 16| (¢ —7) and ¢ = +d (mod q),

(—1)(11761#551% (mod p) if 16 | (¢ — 15) and ¢ = +d (mod q).

—1 (mod q) if q| e,
c—di 1 (mod q) ifq]|d,
c+di —i (mod ¢) if c=d (mod q),
i (mod q) if c = —d (mod q).

Thus the result follows from Theorem 4.2.

Theorem 4.3. Let p and q be distinct primes of the form 4k +1, p = ¢® +d? =
2>+ qy?, ¢ = a®> + V%, a,b,c,d,z,y € Z, ¢ = 1 (mod 4), d = 2"dy, y = 2%y
and dy = yo = 1 (mod 4). Assume (c,z +d) = 1 or (dp,x + ¢) = 1. Suppose
(2f) 5 = (5)™ (mod q).

axr a

(i) If p=1 (mod 8), then

s [ (FDEEE()™ (mod p) if2 |,
(1% T (D)™ (mod p) if 21 a.

vs [ (DE(HMHY (mod p) if2 |z,
—(~1)F = (™Y (mod p)  if 21w



Proof. Clearly ¢ t x. We first assume (¢,x + d) = 1. By Lemma 2.11, (¢, (z +

d)(c® + (z + d)?)) = 1. It is easily seen that ngzgig = actbd . 2 (1mod g). Thus,

for £k =0,1,2,3, using Lemma 2.7 we get

(S5, = g = (=)t
- <—zzt§i§iii§§>”l = (1) modo
(ac;bdg)‘ul _ <g>k (mod )
— (ac;bd)ﬂl _ (§>k— (mod g).
Since (4€24)%F = (2)m (mod g), from the above we get (SHZFDI), — jm+ 45

Now the result follows from Theorems 3.1 and 3.2 immediately.

Suppose (dg,z + ¢) = 1. By Lemma 2.11, (¢, (x + ¢)(d® + (z + ¢)?)) = 1. It is
ad—b(z+c) _ act+bd
ad+b(zx4+c) — —az

easily seen that (mod ¢). Thus, for k£ = 0,1,2,3, using Lemma

2.7 we get

<d — (:1;4— c)z’>4 gk

cQula) = ()

x+c -

—_ ) et

(B8N = () oa) = () = () oot
(@Cat:bd)qz;l _ (2)‘121% (mod g).

Since (‘Lc—H’d)q%l = (2)™ (mod g), by the above we get (Wh = im=*z . Thus,

applying Theorem 3.3 and the fact § = ”f = M = 14;‘7 +

x we derive the result. The proof i 1s now complete.

Corollary 4.3. Let p = 1 (mod 4) and ¢ = 5 (mod 8) be primes such that p =
2+ d? = 2° + qy? with ¢,d,x,y € Z and q | cd. Suppose ¢ =1 (mod 4), d = 2"d,,
y =2y and dy = yo = 1 (mod 4). Assume (c,x +d) =1 or (do,z +c) = 1.

(i) If p=1 (mod 8), then

4 (mod 2) for even

+(~1)5+ 5 (mod p) if 2| x and x = £c (mod q),

po1 +(—=1)5+ 2 1 (mod p) if 242 and x = +c (mod q),
"= :I:(—l)%JF%JFzTHg (mod p) if 2| x and x = +d (mod q),
i(—l)% g 1% (mod p) if 21z and v = +d (mod q).
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(ii) If p =5 (mod 8), then

p=5 j:é(a:)g—z (mod p) if © = +¢ (mod q),
= $(—1)q:%5(5(:1:)% (mod p) if z = +d (mod q),

where 0(x) =1 or —1 according as 8 | = or not.

Proof. If z = £¢ (mod q), then ¢ | d and so (aca—zbd)qi = (¢ )T = (£1) Zl =
+1 (mod ¢). If x = +d (mod ¢), then ¢ | ¢ and so (‘w*bd)q = (Zi) =

1

(ig)% = j:(—l)TE)a (mod ¢). Now putting the above with Theorem 4.3 we
deduce the result.

Theorem 4.4. Let p and q be distinct pm’mes such that p = 1 (mod 4), ¢ =
1 (mod 8), p=c*+d?> = 2>+ qy?, ¢ = a*> + b, a,b,c,d,x,y € Z, c_l(mod)
d=2"dy, y =2% Yo, anddy = yo =1 (mod 4). Assume (c,z+d) =1 or (dy,z+c) = 1.
Suppose (“?’22) 5 = (2)™ (mod g).

(i) If p=1 (mod 8), then

Proof. Observe that b> = —a? (mod ¢), p = 22 (mod ¢) and so

<a0+bd>q§1 B (ac + bd)“T (ac + bd) T _ <ac+bd =S

" (mod q).
ac — bd (a2c® — b2d2) "5 (a2p) s azx ) (mod g)

The result follows from Theorem 4.3.

We note that if ¢ { d, then the m in Theorem 4.4 depends only on § (mod q).

Corollary 4.4. Let p=1 (mod 4) and ¢ =1 (mod 8) be distinct primes such that
p=c?+d? = 2%+ qy? withc,d,z,y € Z and q | cd(c® —d?). Suppose c =1 (mod 4),
d=2"dy, y = 2o and dy = yo =1 (mod 4). Assume (c,z+d) =1 or (dp, z+c) = 1.
(i) If p=1 (mod 8), then

T (mod p) ifq|e,

2 (mod p) fald,

—1)"% T5+% (mod p) if 16 | (¢ — 1) and ¢ = £d (mod q),
LD L (mod p) if 16 | (¢ —9) and ¢ = £d (mod q).
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Tx—2

(ii) If p=>5 (mod 8) and e(z) = (—1) 7=
then

or (—=1)"2 according as 2 | x or 2{ z,

()T (@)@ (modp) ifqle,
oo _ ) (@)t (mod p) ifqld,
(1) e(2)% (mod p) if 16| (¢ — 1) and ¢ = +d (mod q),
:F(—l)%s(x)% (mod p) if 16| (¢ —9) and ¢ = +d (mod q).

Proof. Suppose that ¢ = a? + b with a,b € Z. Then clearly

(1'% (modq)  ifq]e
(ac+bd>qslz 1 (mod q) if ¢ |d,
ac — bd N (_1)% (mod q) if 16 | (¢ — 1) and ¢ = £d (mod q),
=9

+(-1)'® 2 (mod ¢q) if 16| (¢ —9) and ¢ = +d (mod g).

Thus the result follows from Theorem 4.4.

Corollary 4.5. Let p =1 (mod 4) be a prime such that p # 17 and p = ¢®> + d? =
2% + 17y* with ¢,d,z,y € Z. Suppose ¢ = 1 (mod 4), d = 2"dy, y = 2'yo and
do =yo =1 (mod 4). Assume (c,x+d) =1 or (dy,x +c¢) = 1.

(i) If p=1 (mod 8), then

(=1)5T5 (mod p) if 17 | cd,

P

17" = —(=1)5T% (mod p)  if c= +d (mod 17),
+(~1)iT% < (mod p) if ¢ = +5d, £10d (mod 17).
(ii) If p="5 (mod 8) and e(z) = (—1)"T or (=1)"% according as 2 | x or 24z,
then
e(x)g—y (mod p) if 17 | ed,
175 = ( (mod p) if c = +d (mod 17),

—€ m)%
+e(x)Z (mod p)  if c = £5d,+10d (mod 17).

17—1

17—-1 —
Proof. Since 17 =12 +42 and (1) 5 = (HX) 5 = ¥4 (mod 17), from

Theorem 4.4 and Corollary 4.4 we deduce the result.

Theorem 4.5. Letp =1 (mod 4) be a prime, p = 2 +d? = 22+(a®+b%)y? # a®+b?,
a,b,c,d, v,y € Z, a # 0, 2 | a, (a,0) =1, c =1 (mod 4), d = 2"dy, y = 2%y
and dy = yo = 1 (mod 4). Assume (c,x +d) = 1 or (dy,z + ¢) = 1. Suppose

((acﬁi‘)/mh ="
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(i) If p=1 (mod 8), then

(=155 (5)™ (mod p) if4|a and 2|,

418 c\m .
(a® + b2)pT71 _ (1) 2+14 (dg)z_z(mOd p) if4|a and 21z,
(—1)= 55 (£)m~L (mod p) if 2 a and 2| z,
(_1)%+%+%+121 (£)™=! (mod p) if2 | a and 2{ .

(ii)) If p=5 (mod 8), then

(-1 (£)™ 4 (mod p) if4|a and?2 |z,
(a® + bz)% _ (_1)131(4?1)”11% (mod p) if4|a and 21w,
(=13t (5)™% (mod p) if2 ] a and 2|z,
(—1)17771(5)7”% (mod p) if 2] a and 2t x.

Proof. Set ¢ = a?+b%. Then clearly 2 g and p { q. We first assume (¢, z+d) = 1.

By Lemma 2.11, (¢, z + d) = (¢, c¢* + (¥ + d)?) = 1. Since Z;giggz = <4 (mod q),

we see that

(c/(:z;+d) i>4

- <C+ e Z) - (C+b(i:id)i>4<c+b(i;d)i>4

- (Clild ) (), = () ()]
c—(z+d)i —ai _ o B

- (ZTJZ) 1 <b+m> - (bfm) <(acb+a;lz)/w>4l

e (), - )

= (-1 %( > )”Tl~%+”2g1fm

= (—1)”71-%“ () g

This together with Theorems 3.1 and 3.2 yields the result under the condition (¢, x+
d) =1.
Now we assume (dg, x+c) = 1. By Lemma 2.11, (¢,z+c¢) = (q, (z+¢)?+d?) = 1
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d+(z+c)i c—di
d—(xz+c)i —z

Since

(mod ¢), using Lemma 2.6 we see that

(d/(m+c) —i)

4

= m—FCZ)A‘: (d_b(—ix—c—:iC)i>4<d_b(g—CjL—iC)i>4

b+ ai b+ at b+ ai b+ at
d+(z+c)i c—di

dbitsz>4l_'(b;in>;1::(b;in>4<«wé;ﬁ2?/x);l
a bd -1 a —m
= (1> (b—iﬁlai>4((acb—: az')/x>4 = (=1) (bfai)f
1

_<_1)b%1@'.i—m = (_1)5%1 - it 2 || a,

1.1 m=4"m if 4| a.

= (
(d (x +¢)i )4(d+(m+c)i>4:<d—(x+c)i>4(d+(ac+c)i);1
(

Combining this with Theorem 3.3 we deduce the result under the condition (dg, z +
¢) = 1. The proof is now complete.

Remark 4.1 Let p be a prime of the form 4k + 1, g € Z, 21 q, p 1 q, and p =
2+ d? = 2% + qy? with ¢,d,x,y € Z, c =1 (mod 4), d = 2"dy and dy = 1 (mod 4),
we conjecture that one can always choose the sign of x such that (¢, +d) =1 or
(do,x + ¢) = 1. Thus the condition (¢,z + d) = 1 or (dp,z + ¢) = 1 in Theorems
4.1-4.5 and Corollaries 4.1-4.5 can be canceled. See also related conjectures in [S4]
and [S5].
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