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ABSTRACT. Let p > 3 be a prime, and let m be an integer with p 4 m. In this paper, based
on the work of Brillhart and Morton, by using the work of Ishii and Deuring’s theorem
for elliptic curves with complex multiplication we solve some conjectures of Zhi-Wei Sun

concerning Zi;é (Qkk)2 (3kk) /m* (mod p?).
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1. Introduction.

For positive integers a, b and n, if n = ax? + by? for some integers x and y, we briefly
say that n = ax? + by?. Let p > 3 be a prime. In 2003, Rodriguez-Villegas[RV] posed
some conjectures on supercongruences modulo p?. One of his conjectures is equivalent to

pzl (Zkk) (Skk) _ { 42% — 2p (mod p?) if p=22+3y? =1 (mod 3),
— 108F 0 (mod p?) if p=2 (mod 3).

This conjecture has been solved by Mortenson[Mo] and Zhi-Wei Sun[Su4].

Let Z be the set of integers, and for a prime p let R, be the set of rational numbers
whose denominator is coprime to p. Recently the author’s brother Zhi-Wei Sun[Sul]
posed many conjectures on Zz;é (2kk)2(3kk)m_k (mod p?), where p > 3 is a prime and
m € Z with p{m. For example, he conjectured that (see [Sul, Conjecture A13])

p—1 (2k)2(3k) 0 (mod p?) if p=7,11,13,14 (mod 15),
(1.1) ZW =< 422 —2p (mod p?) if p =%+ 15y%> = 1,4 (mod 15),
k=0 2022 — 2p (mod p?) if p = 52% + 3y* = 2,8 (mod 15).

Let {P,(z)} be the Legendre polynomials given by (see [MOS, pp. 228-232], [G,
(3.132)-(3.133)])
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where [a] is the greatest integer not exceeding a. From (1.2) we see that

(1.3) P, (—z) = (-1)"P,(x).

Let p > 3 be a prime. Then (2:) (?’kk) = (il!?! =0 (mod p) for £ < k < p. In [S2] the

author showed that
[p/3] p—1
2k\ (3k\ /1 —t\Fk 2kN\ (3k\ /1 —t\F
(14) P[%l“>zz<k)<k)(5—4> 0@)@)(@) (mod p).
In the paper, using the work of Brillhart and Morton[BM] we prove that

k=0

e
Il

p—1 23 _ 5\ 2
(1.5) Poay(t) = _(g) Z ( + 3(4t — 5) -|—p2(2t 14t + 11)) (mod p),
x=0

where () is the Legendre symbol. Based on (1.5) and the work of Ishii[l], we determine
5 o yv—11 1 9 V17 5 53
Proy(t d fi l=— —,———,—, V9, —VbH, —, —Vv4l, —V89.
[3]( ) (mo p) or 47 \/_—27 4 ) \/i’f’ 20\/77 4 732 7500

For instance, if p = 1,4 (mod 5) is a prime, we prove that

2z(%) (mod if p=22+415y2 = 1,4 (mod 15),
3 0 (mod p) if p=11,14 (mod 15).
Let p > 3 be a prime, m € R,,, m # 0 (mod p) and ¢t = /1 — 108/m. In the paper we
show that

p—1 12k\2 13k
(1.6) > G) () = Pg)(t)* (mod p)

and that
p—1 (2k)2(3k

(1.7) Pzy(t) =0 (mod p) implies Z kik) =0 (mod p?).
k=0

mk

On the basis of (1.6) and (1.7), we prove some congruences for Zi;é (Qkk)Q(Skk)m_k in
the cases m = 8, 64,216, —27, —192, —8640, —123, —483, —3003. Thus we partially solve
some conjectures posed by Zhi-Wei Sun in [Sul,Su2,Su3]. As a typical example, for odd

primes p # 11 we have

S _

64k

=

{ z? (mod p) if (&) =1 and so 4p = z* + 11y?,
0 (mod p?) if (&)= —1.
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2. A general congruence modulo p?.
We begin with a useful combinatorial identity.

Lemma 2.1. For any nonnegative integer n we have

2 (1) (G e -2 (0

k=0

Proof. Let m be a nonnegative integer. For k € {0,1,... ,m} set

= B o
rm i = () (5) O =) O =)
For k € {0,1,... ,m+1} set

oy -SRI (B2 ) (1) (e

3k2(9m? — 9mk + 30m — 14k + 24)
(m+2—Fk)?

§ (2:) (3;) (2(:; ;Lll_—kk:)) (3(:; j11_—kk>)‘

For i =1,2 and k € {0,1,...,m}, it is easy to check that

GQOn,k):

(m +2)3F;(m +2,k) — 3(2m + 3)(9m? + 27m + 22)Fy(m + 1, k)

(2.1) +81(m 4+ 1)(3m + 2)(3m + ) Fx(m, k) = Gi(m, k +1) — Gy (m, k).

Set Si(n) = p_o Fi(n, k) forn =0,1,2,.... Then

(m +2)3(S;(m +2) — Fi(m+2,m+2) — F;(m+2,m+ 1))
—3(2m 4+ 3)(9m? + 2Tm + 22)(S;(m + 1) — F(m +1,m + 1))
+81(m +1)(3m + 2)(3m + 4)S;(m)

= (m+2)* ) Fi(m+2,k) —3(2m+ 3)(9m> + 27m + 22) > Fi(m + 1,k)
k=0 k=0

+81(m + 1)(3m +2)(3m+4) Y Fi(m
k=0
Z (m,k+1)—Gi(m,k)) = Gi(m,m+1) — G;(m,0) = G;(m,m + 1).

k=0
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Observe that

p) 2\? /3 3
s e (202 (),

m+1 m+1
Fy(m+2,m+1) = —27(m + 1>(2$j12)2<3$j13)’
Fi(m+2m+2)= A = 3)((73;714;;)(3"1 = (277::12) 2 (3”7”7113) ’
Fy(m+1,m+1) = <271:++12) <3"T++13>’
Fy(m+2,m+1) = 6’(217:?12) <3$j13)’
Famt2m +2) = 3(3m<:14l(;’);7; +5) (27777;—:-12) <3:j13)

and

Gi(m,m+1) = 27(m + 1)3(m + 2) <2m+ 2)2<3m+ 3),

m+1 m—+1
2 2\ (3 3
Gz(m,m—f—l):3(m+1)2(7m+10)($_:_1)(nzl_:—l).

From the above we deduce that for i = 1,2 and m =0,1,2,...,

(m +2)38;(m + 2) — 3(2m + 3)(9Im? + 27m + 22)S;(m + 1)
+ 81(m + 1)(3m + 2)(3m + 4)S;(m)

=Gi(m,m+1)+ (m+2)3(F;(m+2,m+2) + F(m+2,m+1))
—3(2m + 3)(9m® + 27m + 22)F;(m + 1,m + 1) = 0.

(2.2)

Since S1(0) = 1 = 52(0) and S1(1) = 12 = S3(1), from (2.2) we deduce Si(n) = S2(n)
for all n =0,1,2,.... This completes the proof.

Remark 2.1 We actually find (2.1) and prove Lemma 2.1 by using WZ method and
Maple. The author thanks Professor Qing-Hu Hou for his help in finding (2.1). For the
WZ method, see [PWZ].

Theorem 2.1. Let p be an odd prime and let x be a variable. Then
< (2k\? (3k 12K\ /3K )2
0<k) (k)(aj(l 27x)) _< (k)<k)x> (mod p<).

k=0
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Proof. It is clear that
p—1 2
2k 3k i
> (k) (k)(:c(l—27x))
0
p—1 2 k
B 2k 3k\ & k .
= (1) (D)= (e
k=0 r=0
-1) min{m,p—1} 2
m 2k 3k k ek
=) (k) <k><m—k)(‘”) |

m=0 k=0

[\
—~
3

Suppose p < m <2p—-2and 0< k<p—1. If k> £, thenp | (Qkk) and so p? | (2}{1«)2' If

k<%, thenm—Fk>p—k>kandso (mk_k) = 0. Thus, from the above and Lemma 2.1
we deduce that
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2:) (3:) o (mod 7).

If %p <k<p-—1, then (zkk) (3:) = (i@! =0 (mod p?). fO<k < Pandp—k <r<p-1,
then %p <r<p-—1andso (2:)(?”) = (i;},)! =0 (mod p?). If £ <k< %p andp—k <r<
p—1,thenr >p—Fk > &, (Qkk (3kk = (i@! = 0 (mod p) and (2:) (3:) = (i!rg,)! =0 (mod p).
Hence, for 0 < k<p—1landp—k <7 <p—1 we have p? | (zkk) (Sk) (2r) (3r) and so

k r r

g (2:) <3:) o p—lk (2:) (3:) & =0 (mod %)

r=p—

Thus the result follows.



Corollary 2.1. Let p > 3 be a prime and m € R, with m # 0 (mod p). Then

5O (5 () () ()

£\ k) \k b4

Proof. Taking = = VI 108/m V15_4108/m in Theorem 2.1 we deduce the result.

3. A congruence for P, /3(t) (mod p).
Let W, (z) be the Deuring polynomial given by

(3.1) W (z) = i (Z)zxk

It is known that ([G,(3.134)],[BM])

1
(3.2) W) = (1 - 2)" Pa ”).

1—=x
Let p > 3 be a prime , m,n € R, and 4m> + 27n? # 0 (mod p). From [Mor, Theorem
3.3] we have

pz_:l (333 +mx + n)
(3.3) ==0 P
1- (g) 1— (* ) (2] 28 33
= —(—48m) = (864n) = (—16(4m3 + 27n2)) ] (m) (mod p),
where Jp(t) is a certain Jacobi polynomial given by
_ 2] <—%<%>,—%<71>>< B L)
(3.4) Jp(t) = 1728151p, 1=
and
(e, 5) k+a\ (k+p3 ke N
P, 2kZ< )( L)@ =D @)
Theorem 3.1. Let p > 3 be a prime and t € R,. Then
-1
23+ 3(4t — 5)x + 2(2t — 14t + 11
Pp(t) = - ()Z( ) p( >)(modp).
Proof. It is well known that P, (1) = 1. Since Pz)(1) =1 and
() S () R () - () - 0)
=0 =0 z=0 p 3
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the result is true for t =1 (mod p). As Fz)(-1) = (—1)[§]P[§](1) = (%) and

”Z: (933 — 27z + 54> _ ’S ((—393)3 — 27(=3z) + 54)

z=0 p =0 p
~1
—3\ % 3 _3x—2
N
P77 p
the result is also true for ¢ = —1 (mod p).

Now we assume ¢ # £1 (mod p). Set Wy, (z) = 1_, (Z)Zxk From [BM, Theorem 6]
we know that

35 Wigy (1= ) = up(a) o — 2017, (FEZ2) (o ),

where J,(z) is given by (3.4) and

1 if p=1 (mod 12),

() —3(z — 24) if p=5 (mod 12),
up(x) =

i z? — 36x + 216 if p=7 (mod 12),

—3(x — 24)(2? — 362 + 216) if p =11 (mod 12).

Taking z = 54/(t + 1) in (3.5) and applying the above we obtain

(3.6)
Wig((t=1)/(t+1))
r (278:))[%]Jp(fﬁ;”(ﬁtt);) (mod p) if p=1 (mod 12),
) 18§4l1_5)(271(17))[%Up(ég’fﬁi}ff;s) (mod p) if p=>5 (mod 12),
= 108(225:;11)4215—1—11)<271(i;t))[%]Jp(%) (mod p) if p=7 (mod 12),

_ 2 _ » 43 .
| RS ) (2T (1, (2555%s) (mod p) if p = 11 (mod 12),

Taking x = (t —1)/(t+ 1) in (3.2) we get

(3.7) Piay(t) = (%)[%W%mi;—i).

If p=2 (mod 3) and ¢ = 2 (mod p), from the above we get

Py = Py (2 = () iy (222) = 0 fanot ).

4 2 541

On the other hand,
’S (333 +3(4t — B)x + 2(212 — 14t + 11)> B ’S <x3 - 27/4) B ’i (y - 27/4) 0
=0 p =0 p y=0 p .
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Thus the result is true when p = 2 (mod 3) and ¢t = 2 (mod p). If p = 3 (mod 4) and
2t2 — 14t + 11 = 0 (mod p), from (3.6) and (3.7) we deduce that

Poy(t) = (%)[%]W[g] (i—i) =0 (mod p).

As

=0 p =0 p =0 p

”Z_: (az3 +3(4t — 5)x> ’i ((—x)3 +3(4t — 5)(—1')) Zi (l‘3 +3(4t — 5)93)7

we see that

DB 34t — 5o+ 2(22 — 14t +11)\ o= /2B + 3(4t — 5z
> ( )= ( ) =0
=0 p x=0 p

Thus the result is true when p = 3 (mod 4) and 2t> — 14t + 11 = 0 (mod p). Set
m = 3(4t — 5) and n = 2(2t2 — 14¢ + 11). Then

28.3%m3  432(5 — 4t)®
4m3 + 22 (1 —1t)(1+1)3

(3.8)  4m>+27n* = —432(1 —t)(1 +¢)*> and so

By the above, we may assume that m # 0 (mod p) for p = 2 (mod 3) and n # 0 (mod p)
for p =3 (mod 4). From (3.3) we see that
(3.9)
J 432(5 — 4t)3 28 . 33m3
(o) = )

4m3 + 27n?
(By-1 (771)71 p p—l 3
= —(—48m) "7 (864n) "7 (—16(4m® + 27n%)) "1 Y (W) (mod p).
=0

If p=1 (mod 12), from (3.6)-(3.9) we deduce that

Prpy()
_t+ 1N [E] t—1\ /L4 t\5 /27(1—t)\ = , , 432(5 — 4t)?
_(T) W[gl(H—l):(T) ( 1+t ) Jp((l—t)(l—i—t)?’)
E—2—”71<3<1+t>>”71<1—t>p1—21<28-33<1_t>(1+t>3>—ﬂ—;i(f”ﬂ#ﬂ)
=0
Rl a® 4 3(4t — 5)a + 2(22 — 14t + 11
E—;}( ( ) p( )> (mod p).



If p=>5 (mod 12), from (3.6)-(3.9) we deduce that

By (t)
() ) = () 7 S () ™

=275 3" (Ut —5)(1+1) T (1 —t) "1 (144(4t — 5)) "

x (2837 (1— (1 +1)°) " Z (W)

_&= <x3 +3(4 — 5)z + 2(242 — 14¢ + 11)

2 5 ) (mod p).

If p=7 (mod 12), from (3.6)-(3.9) we deduce that

t+1\1[5] t—1

o= () Wi (557)
_ <t+1)%1108(2t2—14t+11)<27(1—t))”1—27 ( 432(5 — 4t)3 )
A2 (t+1)2 1+t PPa—-t(1+1t)3

= 27535 (27 — Mt + 1)1+ 1) T (1— )" (20 33(262 — 14t +11)) 7

P 3
p— +mx+n
x (28331 — t)(1+ 1)3) "= (x—>
( (1-8)(1+1)°) ;} )
_ _”Zl <a:3 +3(4t — )z + 2(22 — 14¢ + 11)
== ;

) (mod p).
If p=11 (mod 12), from (3.6)-(3.9) we deduce that

[g]W[%](;—i)

P52 1944(4t — 5)(2t2 — 14t + 11) /27(1 — ¢) ”I—Qlj 432(5 — 4t)3
) (t+1)3 ( 1+t ) p((l—t)(1+t)3)
3pfll

T4t — 5) (262 — 14t + 11)(1+¢) T R

(1= )T (48m) 7 (364n)
p—1 3
X (28 . 33(1 N t)(]_ +t)3>_p1211 w
)

= (333 +3(4 — 5)x + 2(22 — 14¢ + 11)

p ) (mod p).
=0

This completes the proof of the theorem.



Corollary 3.1. Let p > 3 be a prime and let t be a variable. Then

WD)

= Poo(t) = —(1—9) 3 (@® + 3(4t — 5)a + 2(262 — 14t + 11))*7 (mod p).

r=

Proof. From [S2, Lemma 2.3] we have Pyp(t) = Ef:/g] CHCEH(A5hE (mod p). By
Theorem 3.1 and Euler’s criterion, the result is true for t = 0,1,...,p — 1. Since both

sides are polynomials in ¢ with degree at most p — 1, using Lagrange’s theorem we obtain
the result.

Corollary 3.2. Let p > 3 be a prime andt € R,. Then

= (a:3 +3(4t — B)x + 2(26% — 14t + 11)>

x=0 p

B <;_9) ”i <a:3 — 3(4t + 5)z + 2(2t2 + 14t + 11)>
N 3 x=0 p '

Proof. Since Fzj(—t) = (—1)[§]P[g](t) = (%)P[g](t), by Theorem 3.1 we have

3

. <x3 4 3(4t — 5)w + 2(242 — 14t + 11)>
x=0 p

() ”i <x3 — 3(4t 4 5)x + 2(262 + 14t +11)

3 =0 p

) (mod p).

By Hasse’s estimate ([C, Theorem 14.12, p.315)),

) ”i (a:3 — 3(£At + 5)x + 2(22 £ 14¢ + 11)
=0 p

) <26

For p > 17 we have 4,/p < p, from the above we deduce the result. For p € {5,11,13} and

t €{0,1,...,p— 1} one can easily verify that the result is also true. Thus the corollary
is proved.

Corollary 3.3. Let p > 3 be a prime. Then

p
0 if p=2 (mod 3).
10
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=0



Proof. Taking t = % in Corollary 3.2 we find that
p-l 321 p-l 3 253 p=l (zy3 _g0.z 4 253
> () =X () = () X ()
p—1 3
_ <§)<§>;<x 122:1:—#506)‘

For p = 2 (mod 3) it is clear that SP_} (Ig_%) =Pl (EE) =P (%) = 0. Thus

p

the result is true when p = 2 (mod 3).
Now assume that p = 1 (mod 3), p = A2 +3B2% 4p = L?> +27TM? and A = L =
1 (mod 3). It is known that 2% =1 (mod p) if and only if 3 | B. When 31 B we choose
the sign of B so that B = 1 (mod 3). By [S1, (2.12)], 2??=Y/3 = 1(—1 — 4) (mod p).
From [S1, (2.9)-(2.11)] we deduce that
= (933—27/4> ) 24=1L if 255 =1 (mod p),
A+3B=L if2" #1 (mod p) and B =1 (mod 3).

=0

Thus

ig: <:z:3 — 12233 + 506) _ (%) pil (azS —p27/4> _ <§>L

z=0
This completes the proof.

Theorem 3.2. Let p > 3 be a prime.
(i) If p=2 (mod 3), then

wls

]<§> =0 (mod p).

_9\ /21
521613’“ = Z k24kk: = P[%](Z) =-L= (f)( [z] ) (mod p).

12

Proof. Putting t = :i:% in Corollary 3.1 we get

S

[p/ 3] )

Pn(§)= 3

This together with (1.3) yields

/3] 2k (3k
(mod p) and P[%]<_Z>52(k)(k)

>
Il
=




If p = 2 (mod 3), from the proof of Theorem 3.1 we know that P[g](%) = 0 (mod p).
Thus (i) is true.

Now assume that p = 1 (mod 3), 4p = L? +27M? and L = 1 (mod 3). By Theorem
3.1 and the proof of Corollary 3.3 we have

p—1 2
5 3 7

ro6)=-5 (75 5) = 2wt

=0

On the other hand, by the proof of Theorem 3.1,

nn() - (52) " wa(d5)

g\ B3t 27(1-8)\ Bt _ p=1__p-1 —
(3) * ( 3T ) 7 Jp(0) = (—1) 2 3777 J,(0) (mod p) if p=1 (mod 12),
= 2L 108(2(2)2—14-3411) 1 27(1—3)
(%) ’ ?§+1)24 ( 1+2 ) = Jp(0)
= —8(—1)"z 377 J,(0) (mod p) if p=7 (mod 12).
By (3.4),
1 _1,=1
Jp(0) = 1728181 P 2 )
[43] 1N\ /(2] (=1
— 1798l1z] . 9—[3z] ([%] o 5) ([12] a P ))0[12] ror
e N [43] =7
(2] -1 1_q
:1728[1—”21< 1213 :(—1728)[%1<3 ) )
5] [{5]
L/ 2e=1)
z(—1728)[ﬁ]< 3 )(modp)
[15]
Therefore
p—1 p—1 p—1 2(p—1) 2(p—1)
5 ()= 377 (-1728)"= (7,5 ) = (2) (7,5 ) (mod p) if 12 p—1,
— 2 12
P@(Z) = bt pt b7, 2(p=1) 2(p—1)

—8(—=1)"= 37T (—1728) = (%, ) =—(2)( "% ) (mod p) if12[p—T.

12

Now putting all the above together we obtain the result.

Remark 3.1 For any prime p > 3, Zhi-Wei Sun conjectured that ([Sul, Conjecture A46])

B (—216)% - k13 — ~1 ‘
k=0 24F k' k::O 216 k (2((;:11))/33) p (mod p?) if p=2 (mod 3).

12



4. Congruences for Zi;(l) (Qkk)z(?’kk) /mk.

Let p > 3 be a prime and m € Z with p t m. In the section we partially solve Z.W.
_ 2
Sun’s conjectures on Zi:{l) (Qk) (3kk) /mF (mod p?).

k
Theorem 4.1. Let p > 3 be a prime, m € Ry, m # 0 (mod p) and t = \/1 —108/m.
Then
p—1 (2k:)2(3k:) p—1 b1y 2
kmk k7 = P[%](t)2 = <Z(az3 +3(4t — 5)z + 2(2t* — 14t + 11))7) (mod p).
k=0 z=0

Moreover, if Pizi(t) = 0 (mod p) or Z’;;é(x?’ + 3(4t — 5)x + 2(2t% — 14t + 11))’%1 =
_ 2
0 (mod p), then 300 (3¥)" (3F) /m* = 0 (mod p?).
Proof. Since 12£(1 —27-12L) = L by Theorem 2.1 we have
) _ SR 2wy 3k 1=tk
(4.1) ZTI(Z(k)(k)(HH (mod p).
k=0 k=0
Observe that p | (2:) (3kk) for [£] < k < p. From Corollary 3.1 we see that
— (2K (3k <1 - t)k
k k 54
k=0
p—1 .
Pi)(t) = —(3) 3 (@ + 3(4t — 5)a + 2(26 — 14t + 11))°T (mod p).

3 =0

bS]

This together with (4.1) yields the result.
Theorem 4.2 ([Sul, Conjecture A8|). Let p > 3 be a prime. Then

_ 2 .
pzl (2kk) (Skk) _ { L? (mod p) ifp=1 (mod 3) and so 4p = L? + 27M?,
— (—192)* 0 (mod p?) ifp=2 (mod 3).

Proof. Putting m = —192 and t = % in Theorem 4.1 and then applying Theorem 3.2
we obtain the result.

Lemma 4.1. Let p be an odd prime and let a,m,n be algebraic numbers which are
integral for p. Then

p—1 p—1
Z(a:?’ + a’*mx + a?’n)pT_1 =q'T Z(az?’ + mx + n)pT_1 (mod p).
=0 =0

Moreover, if a,m,n are congruent to rational integers modulo p, then

(:c?’ + a’max —i—a3n) B (a) Lk (a:?’ + mzx + n)
g p p p '
13



Proof. For any positive integer k it is well known that (see [IR, Lemma 2, p.235])

Zﬂfk_{ p—1 (modp) ifp—1]Ek,

0 (mod p) iftp—1+1k.
Since
p—1 )
Z( + a®ma + a®n) T
=0
p—1(p—1)/2
—-1)/2 p—1
= < i )/ )(1’3 + a?*mx)*(an) T F
2=0 k=0
p—1(p—1)/2 k
= ( 1>/2) Z (]:)a:3T(a ma )P T(a3n)pzl —k
z=0 k=0 r=0
(p—1)/2 (p—1)/2 )/2 p—1
_ 2 \k—r( 3.\t —k k+2r
Z Z ( )(T) (a*m)" " (a’n) ;)33
(p—l)/2
— (P—1/2\(p—=1=2r\ 5 p 1 3 3 2r—251
=e-0 3 () (0wt

i (Y

r
p—1 p—1
T Sr<tg

we see that the congruence in Lemma 4.1 is true.

Now suppose that a, m, n are congruent to rational integers modulo p. If a = 0 (mod p),
then

> () 5 () 5 (2) -0 (3) 3 ()
z=0 p z=0 p z=0 p p z=0 p
If @ # 0 (mod p), then
L2t a?mr+dPny = /(a2)? + a®m(az) + a®n a\ o= 2% +ma +n
> ) =2 ( )= ()
=0 p =0 p p =0 p

Thus the lemma is proved.

Lemma 4.2. Let p be an odd prime. Then

§ (333 30z — 56)

p

{ (—1)[51“(%)20 ifp=1,3 (mod 8), p=c?+2d? and 4| c—1,

0 if p=>5,7 (mod 8).
14



Proof. From [BE, Theorems 5.12 and 5.17] we know that

pil <:z:3 — 422 + 2:1:) _ { (—DEH12¢ ifp=c?+2d%> =1,3 (mod 8) with 4 | ¢ — 1,
o P 1o if p=>5,7 (mod 8).

As 27(2® — 422 + 22) = (32 — 4)3 — 30(3x — 4) — 56, we see that

<g> pz <:c3 —4;“2 —|—2:z:> _ pzl <a:3 — 30z — 56>.

=0 =0 p

Thus the result follows.
Lemma 4.3. Let p be an odd prime. Then

p—1

S (n® — (15 + 30V/=2)n — 28 + 70v/=2)) "=

n=0

B (Hf‘(__z)(—l)[g]ﬂ(%ﬂc (mod p) ifp=c?>+2d>=1,3 (mod 8) and 4| c—1,
| 0 (mod p) if p=>5,7 (mod 8).

Proof. It is easily seen that

C15(1 4+ 2v2) = —30(%)2 and  — 28+ 70y/—2 = —56(%)3.

Thus, by Lemmas 4.1 and 4.2 we have

p—1

D (n® = (15+ 30V =2)n — 28 + 70V/-2)) et

n=0

(1 }_i?); ’S(ng _ 30n— 56)5 = (2 +_\g—_2)”—;1 ”i <n3 —32n—56>

B (%ﬁ)(—l)%]ﬂ(%)% (mod p) ifp=c*+2d>=1,3 (mod 8) and 4 | c—1,
~ | 0 (mod p) if p=>5,7 (mod 8).

This proves the lemma.

Theorem 4.3. Let p > 3 be a prime. Then
Py (5/vV=2)

B (—1)[51(_2_1?‘/__2)20 (mod p) ifp=c?>+2d>=1,3 (mod 8) and 4| c—1,
| 0 (mod p) if p=>5,7 (mod 8)

and )
pi (%) (%)

8k

{ 4¢? (mod p) ifp=c*+2d*>=1,3 (mod 8),
0 (mod p?) if p=5,7 (mod 8).
15



Proof. From Corollary 3.1 (with t = 5/4/—2), Lemma 4.3 and Theorem 4.1 (with
m =8 and t = 5/v/—2) we deduce the result.

Remark 4.1 Let p be an odd prime. Zhi-Wei Sun conjectured that ([Sul, Conjecture
A5))

o« (3'“) { 4¢* —2p (mod p?) ifp =2 +2d% = 1,3 (mod 8),

2 e
P 0 (mod p?) if p=>5,7 (mod 8).

Lemma 4.4. Let p be an odd prime with p # 11. Then

p—1

Z(x3—24-11x+14-112>_{

=0 p

(%)(%)u if (&) =1 and so 4p = u* + 1102,
0 if (2) = —1.

—

Proof. It is known that (see [RP] and [JM)])

p—1

=

<x3 —96- 11z + 112 - 112> _ { (2)(H)u i () =1 and 4p = u® + 1107,

= P 0 if (&) = —1.

—

Since (22)% — 96 - 11 -2z + 112 - 112 = 8(2® — 24 - 11z + 14 - 112), we deduce the result.
Lemma 4.5. Let p # 11 be an odd prime. Then

—1

bS]

(]

(n3+3(—5+¢——11)n+Z(ll—éh/—ll))%l

=0

{< VI (8) (2)u (mod ) if (&) = 1 and so 4p = u® + 1102,
0 (

mod p) if () = —1.

3

—

—

Proof. It is easily seen that

3(_54_\/——11):—24-11(%\/%1) ;(11_4"_1 )=14-11 ( 4_\/11—1—’11>3'

Thus, by Lemma 4.1 we have

-1

kg 7 2t
;@ +3(—5—|—\/—11)n—|—1(11—4\/—11)>

VoI 4 1\ 5 b1
(4\/% (0% —24- 1l +14-112) 7

B (—11+\/—11>”TZ (az 394 11z +14- 112
o —11 ot D

) (mod p).

Now applying Lemma 4.4 we deduce the result.
16



Theorem 4.4. Let p # 11 be an odd prime. Then

—

Ao (5

and

{ _(—72)(%\/——11)(1_“1” (mod p) if (&) =1 and so 4p = u* + 1102,
0 (mod p) if () = -1

—

’i(k) ()

{ u? (mod p) if (&) =1 and so 4p = u* + 1107,
64%

0 (mod p?) if (&) =—1.

—

Proof. From Corollary 3.1, Lemma 4.5 and Theorem 4.1 (with m = 64 and ¢t = —Vzll)
we deduce the result.

Remark 4.2 Let p be an odd prime such that p # 11. Zhi-Wei Sun conjectured that
([Su2, Conjecture 5.4])

—

= (2kk)2(3kk) _ { u? — 2p (mod p?) if (£) =1 and so 4p = u? + 1102,

1
64% 0 (mod p?) if (%) =-1.

Ju—

k=0

Let p > 3 be a prime and let I, be the field of p elements. For m,n € F, let
#E,(x®> + mx + n) be the number of points on the curve E: y? = 23 + mx + n over the
field F),. It is well known that (see for example [S1, pp.221-222])

p—1

3
+ma +
(4.2) HE,(* +mz+n)=p+1+>. (W:#)
z=0

Let K = Q(v/—d) be an imaginary quadratic field and the curve y?> = 2% + maz +
n has complex multiplication by an order in K. By Deuring’s theorem (|C, Theorem
14.16],[PV],[1]), we have

p+1 if p is inert in K,
4.3 E, (3 +mz +n) =
( ) # p( ) p+l—m—7 ifp=n7in K,

where 7 is in an order in K and 7 is the conjugate number of 7. If 4p = u? + dv? with
u,v € Z, we may take m = %(u + vv/—d). Thus,

(4.4) Z§<$3+mx+n)— tu if dp = vu? + dv?® with u,v € Z,
: ~ D 1o otherwise.

In [Gr], [JM] and [PV] the sign of v in (4.4) was determined for those imaginary quadratic
fields K with class number 1. In [LM] and [I] the sign of u in (4.4) was determined for
imaginary quadratic fields K with class number 2. For general results on the sign of u in
(4.4), see [M], [St], [RS] and the survey [Si].
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Lemma 4.6. Let p be a prime with p = +1 (mod 8). Then

p—

Z (n3 + (=15 +6v/2)n + 24 — 14\/§>

p
n=0
B { 2¢(2) if p=1,7 (mod 24) and so p = z* + 6y2,
1o if p=17,23 (mod 24).

Proof. From [I, p.133] we know that the elliptic curve defined by the equation y? =
23 4+ (=21 +12v/2)x — 28 +22v/2 has complex multiplication by the order of discriminant

—24. Since 4p = u® 4 24v? implies 2 | v and p = (%)? 4 6v?, by (4.4) and [I, Theorem
3.1] we have

= 0B+ (=21 + 12V2)n — 28+ 2212

2 ; )

B { 21’(2—;)(1‘;\/5) if p=1,7 (mod 24) and so p = 2 + 6y,
0 if p=17,23 (mod 24).

Observe that

—15 — 6v/2 24 4 14v/2
—Bho Ve 6f—(1+¢§)2 and +14v2

= nd — Y% — (1+2)3.
—21 +12v2 —928 + 22¢/2 ( )

Using Corollary 3.2 (with t = 1/4/2) and Lemma 4.1 we see that
(1_9) ”Z‘: (n3 + (=15 4+ 6v2)n + 24 — 14\/§>
3 n=0 p

p—1

n® — (15 + 6v2)n + 24 + 14y/2
=2 ( ) )

_ (1+\/§>”§ <n3+(—21—|—12\/§)n—28—|—22\/§)'

p ne0 p

Now putting all the above together we obtain the result.

Theorem 4.5. Let p be a prime such that p=1,7 (mod 8). Then

P (@) :{ 2x(%) (mod p) ifp=2a®+6y*>=1,7 (mod 24),
51727 T 1o (mod p) if p=17,23 (mod 24)

and

P21 (2:)2(3:) _ { 422 (mod p) ifp=a?+6y* =1,7 (mod 24),

216k 0 (mod p?)  ifp=17,23 (mod 24).
18
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Proof. From Theorem 3.1, Lemma 4.6 and Theorem 4.1 (with m = 216 and t = v/2/2)
we deduce the result.

Remark 4.3 For any prime p > 3, Z.W. Sun conjectured that ([Sul, Conjecture A14])

p_1 ) (%) 422 — 2p (mod p?) if p=2?+6y?> =1,7 (mod 24),
T = { 822 —2p (mod p?) if p =222 + 3y? = 5,11 (mod 24),
k=0 0 (mod p?) if p=13,17,19,23 (mod 24).

Lemma 4.7. Let p be a prime with p = +1 (mod 5). Then

R~ (7% + (15 +12v5)n + 42 - 28V5
z ; )

2¢(2) if p=1,4 (mod 15) and so p = x* + 15y,
- { 0 if p=11,14 (mod 15).

Proof. From [I, Proposition 3.3] we know that the elliptic curve defined by the equation
y2 =23 + (105 + 48\/5)513 — 784 — 3504/5 has complex multiplication by the order of
discriminant —15. Since 4p = u? + 60v? implies 2 | u and p = (¥)* + 1502, by (4.4) and
[I, Theorem 3.1] we have

= <n3 + (105 + 48v/5)n — 784 — 350\/S>

n=0 p

B { 23:(%)((14'\/_)/2) if p=1,4 (mod 15) and so p = x? + 15y2,
o if p=11,14 (mod 15).

Observe that

—154+ 125 42 — 285
TV (V5 —=2)% and = (v5—2)%.
105 + 48y/5 ( ) —784 — 3501/5 ( )
Using Lemma 4.1 we see that

’il <n3 + (=15 + 12¢/5)n + 42 — 28\/3)

n=0 p

VB =2\ K= /n3 + (105 + 48V/B)n — 784 — 3501/5

(S ) )

Note that (\/3 —2) 1—1—2\/5 _ ( \/_> We then have (\/52?—2) _ (W>
all the above together we obtain the result.
19
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Theorem 4.6. Let p be a prime such that p = 1,4 (mod 5). Then

P[g](\/g) _ { 2z(3) (mod p) z:fp =22 +15y?> = 1,4 (mod 15),
3 0 (mod p) if p=11,14 (mod 15)

and

pzl G CH _ { 42? (mod p) if p=a2*+15y* = 1,4 (mod 15),
“ (=27)F — 1 0 (mod p?) ifp=11,14 (mod 15).

Proof. From Theorem 3.1, Lemma 4.7 and Theorem 4.1 (with m = —27 and ¢t = v/5)
we deduce the result.

Lemma 4.8. Let p be a prime such that p = +1 (mod 5). Then

<20n3 + (=300 + 108v/5)n + 521 — 252¢5)
n=0 p

(2)z if p=1,4 (mod 15) and so 4p = x* + 75y,
- { 0 if p=11,14 (mod 15).

Proof. From [I, p.134] we know that the elliptic curve defined by the equation y?

23 + (—2160 + 408\/5_))33 + 42130 — 10472+/5 has complex multiplication by the order of
discriminant —75. By (4.4) and [I, Theorem 3.1] we have

p—1

—2160 + 408+v/5)n + 42130 — 10472/
Z( ) ’)

3

—0
—25— 13‘/_ )(%)z if p=1,4 (mod 15) and so 4p = z* + 75y,
if p=11,14 (mod 15).

Observe that

—2160 +408v5 (_ T+ JS>2 g 12130 —10472V5 (_ T+ \/3)3
—300 + 108v/5 2 —2520 4 1042V/5 2 /-

Using Lemma 4.1 we see that

=

. <n3 + (—2160 + 408+/5)n + 42130 — 10472/5

)
) )

(T4 f 5)/2 —300 4 108v/5)n — 2520 + 1042+/5
- (FTE) 5 p %)
20
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Since — /5 (—25 — 13v/5) = 2v/5(3 + 2V/5)2 and

”i <n3 + (=300 + 108v/5)n — 2520 + 1042\/3>

n=0 p
1 /(2v/5n)3 + (=300 + 108v/5)(2v/5n) — 2520 + 1042v/5
-3 (! ; )
2v/5 20n3 + (—300 + 108/5)n + 521 — 252v/5
- (20) 5 (2 - )

from the above we deduce the result.

Theorem 4.7. Let p be a prime such that p = 1,4 (mod 5). Then

P[%](g%\/g)

{ —(%)z (mod p) if p=1,4 (mod 15) and so 4p = x> + 75y?,
0 (mod p) if p= 11,14 (mod 15)

p_l ) (3k) { 2?2 (mod p) if p=1,4 (mod 15) and so 4p = % + 7592,
—8640)k 0 (mod p?) ifp=11,14 (mod 15).

OM

Proof. From Theorem 3.1, Lemma 4.8 and Theorem 4.1 (with m = —8640 and t =
we deduce the result.

a\

Remark 4.4 Let p > 5 be a prime. In [S2] the author made a conjecture equivalent to

p_1 (3k) 2% —2p (mod p?) if p=1,4 (mod 15) and so 4p = 2% + T5y?,
8640 =< 2p—32? (mod p?) if p=7,13 (mod 15) and so 4p = 322 + 25y2,
=0 0 (mod p?) if p=2 (mod 3).

Let b € {17,41,89} and f(b) = —123, —483, —3003 according as b = 17,41,89. In [Sul,
Conjectures A20, A22 and A23|, Z.W. Sun conjectured that for any odd prime p # 3, b,
(4.5)

p—1 (2k)2(3k) 2 — 2p (mOd p2) if (g) = (%) =1 and so 4p = 2 + 3by2,
k=0 0 (mod p?) if (2) = —(2).

Now we partially solve (4.5).
Theorem 4.8. Let p be an odd prime such that (%) = 1. Then

P (Vl?) B { —(%)z (mod p) ifp=1 (mod 3) and so 4p = z* + 51y?,
BN T Lo (mod p) if p=2 (mod 3).
21



and

= (Zkk)z(gkk) _ { 2? (mod p) ifp=1 (mod 3) and so 4p = x? + 5132,
1 =10 (

2N ip —
=0 mod p*) if p=2 (mod 3).

Proof. From [I, p.134] we know that the elliptic curve defined by the equation y? =
23— (60+12v/17)2 —210—56+/17 has complex multiplication by the order of discriminant
—51. Thus, by (4.4) and [I, Theorem 3.1] we have

pz_:l (n3 — (60 + 12v/17)n — 210 — 56m>
n=0 Y

{ (%)(%)x if p=1 (mod 3) and so 4p = x? + 512,
Lo if p=2 (mod 3).

It then follows from (1.3) and Theorem 3.1 that

4 4 o P
—1 n / n
p n . 3(5 + )( 5) 105+1218\/ﬁ

:Z<2 p

P[%](\/ﬁ> = (5) P (- @> = —pi (n3 +3(VIT-B)nt +22+7¢ﬁ>

n=0
_ (-_2> ”Zl (n — (60 + 12y/T7)n — 210 — 56\/_)
P70 p
— { —(5)z (mod p) if p=1 (mod 3) and so 4p = z? + 51y?,
1 0 (mod p) if p =2 (mod 3).
Taking m = —12° and ¢ = £ in Theorem 4.1 and then applying the above we deduce

the remaining result.

Using [I, pp.134-135] and the method in the proof of Theorem 4.8 one can similarly
prove Theorems 4.9 and 4.10.

Theorem 4.9. Let p be an odd prime such that (47) =1. Then

P (5@) B { —(%)z (mod p) ifp=1 (mod 3) and so 4p = z* + 123y?,
E\"327/ 7 o (mod p) if p=2 (mod 3).
and

S« DD

(—48)3%

{ z? (mod p) if p=1 (mod 3) and so 4p = 2 + 12332,
0 (mod p?) ifp=2 (mod 3).

e
Il

0

22



Theorem 4.10. Let p > 5 be a prime such that (%9) =1. Then

<53\/89> B { —(3)z (mod p) ifp=1 (mod 3) and so 4p = x? 4 267y2,
] e — =
0

[ 500 (mod p) if p=2 (mod 3).

ws

and

p_l (3k) { 22 (mod p) if p=1 (mod 3) and so 4p = x? + 267y,
0 (

— 300 (—300)3F — mod p?) if p=2 (mod 3).

To conclude, we pose the following conjectures.

Conjecture 4.1. For any prime p > 5 we have
9k:+1 2k 3k D 3
— d
(=8640)% ( ) (k;) <15> (mod p7),
33k +4 (2k 3k D 3
=4p|( = d
Lo 15k (k) (k) p(:s) (mod p7),

p—1 2
15k + 2 (2k\ % (3k o1 5
—_— = (-1 2 d p?).

1

p

MHOM

Conjecture 4.2. Let p be a prime with p = £+1 (mod 5). Then

’S <n3 +3(—125 + 44v/5)n + 154(21 — 10\/3))

n=0 p

_ { 2¢(2) if p=1,4 (mod 15) and so p = z* + 15y,
1o if p=11,14 (mod 15).

Conjecture 4.3. Let p > 3 be a prime. Then

P, (5\/_> _ (—1)%_1233(%) (mod p) if p=1 (mod 3) and so p = 2% + 3y?,
0 T o (mod p) if p=2 (mod 3).

Conjecture 4.4. Let p > 5 be a prime. Then

e 22(%) (mod p) if p=1,19 (mod 30) and so p = 2% + 15y,
2] (7) =9 —2y($)V5 (mod p) if p=17,23 (mod 30) and so p = 3% + 5y2,
0 (mod p) if p=7,11,13,29 (mod 30).
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