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ABSTRACT. Let p > 3 be a prime, and let m be an integer with p f m. In the paper we

. . —1 (2k\3 —1 (2ky (4k
solve some conjectures of Z.W. Sun concerning > 7 _, (Qk )" /mk (mod p?), >r o (12k ) (3k) /mF
pP—1
(mod p) and Zz;é (Qkk)2(32)/mk (mod p?). In particular, we show that Y, 2/ (Qkk)3 =0
(mod p?) for p = 3,5,6 (mod 7). Let {P,(z)} be the Legendre polynomials. In the paper
3_3
we also show that P[%](t) = —(%) Zg;é(w 2(3t—;5)x+9t+7) (
p—adic integer, [x] is the greatest integer not exceeding z and (%) is the Legendre symbol. As

5 _ 7 _65
—3,— 9, g3 and confirm many

mod p), where ¢ is a rational

consequences we determine P[% (t) (mod p) in the cases t =

conjectures of Z.W. Sun.
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1. Introduction.
Let p be an odd prime. Following [A] we define

It is

(1.1)

2

s =3 (F) (7 )

k=0

easily seen that (see [S2, Lemmas 2.2, 2.4 and 2.5]) for k € {0,1,..., %},

()= (2) = () = B . (57 G o

Thus, by Fermat’s little theorem, for any rational p-adic integer A,

(1.2)

p—1

A(p,\) = i (2:)3(6—):1>k (mod p).

k=0
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For positive integers a,b and n, if n = ax? + by? for some integers = and y, we briefly
say that n = ax? + by?. In 1987, Beukers[B] conjectured a congruence for A(p,1) (mod p?)
equivalent to

(p—1)/2 [2k\3 9 L
(1.3) S () E{O(mOdP) if p=3 (mod 4),
- 4z? = 2p (mod p?) if p = 2% +4y* = 1 (mod 4).

This congruence was proved by several authors including Ishikawal[ls|(p = 1 (mod 4)), van
Hamme[H](p = 3 (mod 4)) and Ahlgren[A]. In 1998, by using the hypergeometric series
3F5(X\), over the finite field IF,,, Ono[O] obtained congruences for A(p,A) (mod p) in the

cases A = —1, -8, —%,4, i,64, 6—14, see also [A]. Hence from (1.2) we deduce congruences
p—1
for 3,2, #(2:)3 (mod p) in the cases m = 1, —8,16, —64, 256, —512,4096. Recently the

author’s brother Zhi-Wei Sun[Sul,Su2,Su3| conjectured corresponding congruences modulo
p?. In particular, he conjectured that

. k -

— 42?2 —2p (mod p?) ifp=22+7y?=1,2,4 (mod 7).

We note that p | (Qkk) for p—gl < k < p—1. In the paper, by using Legendre polynomials and
the work of Coster and van Hamme[CH] we completely solve Zhi-Wei Sun’s such conjectures.
Let {P,(z)} be the Legendre polynomials given by

Py(z)=1, Pi(x) =z, (n+ 1)Pys1(x) = (2n+ 1)xP,(z) — nP,_1(x) (n > 1).
It is well known that (see [MOS, pp. 228-232], |G, (3.132)-(3.133)])
[n/2]
1 n 2n — 2k 1 ar
1. P,(z) = — —1)k n=2k _ __ = 7 (2 _1)»
19 A =g 3 ()0t () = g e -

where [z] is the greatest integer not exceeding x. From (1.5) we see that

(1.6) Py(—z) = (—1)"Py(2), Poms1(0)=0 and Py, (0) = (;2172:1 (2:;)

The first few Legendre polynomials are as follows:

1
2

(352* — 302 + 3), Ps(x)

1
2

(632° — 702° + 15z).

Py(x) =1, Pi(x) =z, Py(x)

_ 1 _1
B -8

Let Z be the set of integers. For a prime p, let Z, be the set of those rational numbers
whose denominator is not divisible by p, let Q, denote the field of p-adic numbers, and let
(%) be the Legendre symbol. On the basis of the work of Ono[O] (see also [A, Theorem 2]
and [LR]), in [S2, Theorem 2.11] the author showed that for any prime p > 3 and t € Z,,

(L) Pact(t) = _(—_6) pil (a:?’ —3(t% + 3)x + 2t(t? — 9)) (mod p).

p p

(322 — 1), P3(x) (523 — 3x),

Py(x)




In this paper, by using elementary arguments we prove that for any prime p > 3 and ¢t € Z,,

18) Pray(t) = _<_) Zl( 3(3t +p5):v+9t-|—7) (mod p).

From (1 8) we deduce (1.7) immediately. As consequences of (1.8), we determine P[g](—g),
Prey(— ) 2] 1(—=82) (mod p) and use them to solve Z.W. Sun’s conjectures ([Sul]) on

= CHED ma 52 GGD

mod p?).
p_—: p°)

For instance, for any prime p > 7,

p—l 4k 2 e — 2 2
4C% (mod p) if p=1,2,4 (mod 7) and so p = C* + 7D=,
(1.9) E ( 3 E{

T ]1F 2 e
— 81 0 (mod p?) if p=3,5,6 (mod 7).

For any odd prime p and m € Z, we also establish the following general congruences:

(1.10) v (zzg = Pos (@)2 (mod p?) for m 2 0 (mod p),
(1.11) k 0<2:) @:)( (1 — 642))* = (:;:( )( ) )2 (mod p?).

2. Congruences for Pzj(t) (mod p).

Lemma 2.1. Let p be an odd prime and k € {0,1,... ,[2]}. Then
¥ (707 = e o) tmoit

(i) C%Z k) = (—614)’““ (g:) (mod p),
o e

Proof. It is clear that

(5" (25)! L CL
(7)) (B k)R 132k 1) R

This together with (1.1) yields (i).

w



Suppose r = 1 or 3 according as 4 | p— 1 or 4 | p — 3. Then clearly

)

([%] +k) _ (ARt k-1 (5
2k (2k)!
k)@ —r =) (A=) (4 4) - (ke — 4)
= (1) 42k (2k)!
_ Foak) (G
92k . (2k)!- 42F . (2k)!  (—64)F

et (D= 1= 2K (=2 = 2K) - (p— (25 + 20))

(mod p)

and

= (-1 1
T.
k4 1)(2k+2) - (B +2k) (B 42k)(BF 42k - 1) (B 4 1)
B ply - (2k)!
_ (4k—1)(4k—3)---3-1 (4k)! 1[4k
B 22k - (2k)! T 22k (2k)1- 228 - (2k)1 W(zk) (mod p)

Thus (ii) and (iii) are true and the proof is complete.

Lemma 2.2. Let p be an odd prime and let t be a vartable. Then
Pipy(t) = [ﬁ] (3:) (%f) (%)k

g 1% ( )( ’“) (%)k (mod p).

Proof. It is known that ([G, (3.135)])

(2.1) Pa(t) = zn: (Z) <” Z ’“) (%)k

k=0

Observe that (7) ("Zk) = (”;;k)( ) By (2.1) and Lemma 2.1(ii) we have

- ()

=0

S RS

k=0

By (1.6), Pzj(t) = (—1)[§]P[§](—t). Thus the result follows.
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Theorem 2.1. Let p be a prime greater than 3 and let t be a variable. Then

p—1
p—1
Poy(t) = — Z(x?’ +42% +2(1 — t)x) 2
=0
6y A~ 3 bt
= _ | = 3_ 2 2
= (p);(a: 2(315—1—5):(:—1—975—1—7) (mod p).

Proof. For any positive integer k it is well known that (see [IR, Lemma 2, p.235])

pz_:lk {p—l(modp) ifp—1|k,
k=

= 0 (mod p) ifp—11k.

Suppose that (23 + 422 +2(1 — 75):5)10771 = i(:pl_l)/z arz®. From the above we deduce that
3(p—1)/2  p-1 p—1 .
ap_1 = — Z akZazk = —Z(w3+4x2+2(1 —t)z) 2 (mod p).
k=1 x=0 x=0

On the other hand,

1

(2 + 422 + 2(1 — t)z) =

b1 2 E _—
=xz < 12€ )(a:2+4x)7_k(2(1—t))k
k=0
p—1 p—1
L2 =L =k o1 I .
=z ( ; ) > ( o )1’27"(41‘)T_k_r(2(1—t)>k.
k=0 r=0

Hence, applying (1.1) and Lemmas 2.1-2.2 we obtain




Therefore,

p—1
Poi(t) = apr = — Y (2% +42? +2(1 - t)a) "=
z=0

’f
—
s
|
-

4.2 4.\ =
=— (w—— +4x——) +2(1—t)(:z:——)) ’
o 3 3
p—1 p—1
2 8 =
Z(af” Z(3t+5)2+ — (9t+7)) g
o 3 27
p—1 p—1
2x\3 2z 8 =
- =) —Z@3t+5 —(9t+7))
;((:;) +9): g 79+ D)
8 P 1p_]~ 1
(2—7> Z (z° — = 3t-|— 5)z + 9t +7)7 (mod p).
=0
This yields the result.
Corollary 2.1. Let p > 3 be a prime and t € Z,,. Then
I§<x3—W$+9t+7> B <2>I§<x3+ 3(3t 5)£C—|—9t—7)
— p p p '

Proof. Since Pizj(t) = (— 1)[%]P[§](—t), by Theorem 2.1 we obtain

p—1 3 3(3t—|—5)

+Ot+7
)
- (_1)[§]p§ (373— 3(%“;)9«“—9“7) _ (—?2)2((—:6)% ?’(?’tT‘Z(—x) —9t+7>

x=0
-1 3(3t 5)
2)p <x3+ :L'+9t—7>

= (= mod p).
G g p (mod p)

For p € {5,11,13} it is easy to check that the result is true for t = 0,1,... ,p — 1. Now
suppose p > 17. By Hasse’s estimate ([C, Theorem 14.12, p.315]),

3 3(i3t+5)l‘ + 9t j; 7
\Z( ;

) <25

Since 4,/p < p, from the above we deduce the result for p > 17.
Theorem 2.2. Let p be a prime greater than 3. Then

[p/4] [p/4] (4k\ (2K

S - yn 0D

72k 576F

=

>
Il

0

_ (—1)T(§)2a(modp) if4|p—1,p=a*+b* and4|a—1,
0 (mod p) if p=3 (mod 4).
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Proof. From [BEW, Theorem 6.2.9] or [S1, (2.15)-(2.16)] we have

p—

1 3 : — _ 2 2 _
3 — Az —2a ifp=1(mod4),p=a®+0b°and a =1 (mod 4),
ey () {7 L
P 0 if p =3 (mod 4).

z=0
Thus taking ¢ = —7/9 in Lemma 2.2 and Theorem 2.1 we deduce the result.
Theorem 2.3. Let p be a prime greater than 3. Then

p/4 2k:) [p/4] (4k) (Qk:)
<__>—Z = (-lH Y a2kl
Tagk £ (—192)F
{2A(modp) if3|p—1,p=A>+3B% and 3| A -1,
0 (mod p)  ifp=2 (mod 3).

Proof. It is known that (see for example [S1, (2.7)-(2.9)] or [BEW, pp. 195-196])
p—l 3 —2A(=2) i — — A2 2 —
-8 2A if 3 l,p=A4+3B“and 3| A—1,
o P 0 if p =2 (mod 3).
Thus, putting t = —5/3 in Lemma 2.2 and Theorem 2.1 we deduce the result.
Theorem 2.4. Let p # 2,3,7 be a prime. Then

[p/4] [p/4] 4k 2k
65y _ (Zk:)()_ N )()
P[§]< 63) - z_: 63k Z —4032)*
B { 2C(2)(£) (mod p) zfp =1,2,4 (mod 7) and so p = C? +7D?,
~ L 0 (mod p) if p=3,5,6 (mod 7).

Proof. Putting ¢t = —65/63 in Lemma 2.2 we get

65 [p/4] r4k\ 2k i [p/4] 4k (2K
(- 55) = 2 B = oy 3= G o)

Taking t = —65/63 in Theorem 2.1 we see that

()= (T - (e

[
r= =0

L]

4

:—Z< 57)2 (x +2plx2+1129:)> (mod p).

From [R1,R2] we have

(2.4 ’S <x3_|_21a:2_|_112a:) B { _20(S) ifp—C24+7D? = 1,2,4 (mod 7),
' ot p 1o if p=3,5,6 (mod 7).

Thus the result follows.

For related conjectures concerning Theorems 2.2-2.4, see [Sul, Conjectures A47-A49].
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Lemma 2.3. Let p be an odd prime and let u be a variable. Then

[p/4]
P (4k) (Qkk) up21 _k (mod p).

Il
—~
—_
N
Y
(]
o T
W~
o

(Vi) T Poga (V)

Proof. From (1.5) we see that
[p/4] ,p—1
pt 1 pZIN 1 -9k _
W P = 3 () (7o et
k=0
Thus applying (1.1) and Lemma 2.1 we obtain

wa)”TleT-wa)z(ﬁ)tﬁﬁ(f)%@’;)( 1Fu*7* (mod p).

p

Noting that (_72) = (—1)!%] we then obtain the result.

Theorem 2.5. Letp > 3 be a prime, u € Z, and w # 0 (mod p). Then

(Bl -n)=-2 (7

p u =0

2+ux)

(Vi) T Pogs (Vi)

I p

_(6) ”i (um3 — (Bu+9)z+ 18— 2u> (mod p).

Proof. By (1.6), Lemmas 2.2 and 2.3 we have

Ip/4]
Prg) (g N 1) B <_?2>P[%1 (1 - %) = (D kz_o (g@ (2:) m

= () (V)T Pas (var) (mod p).

By Theorem 2.1, we have

Pray(1— 2/u)
-3 ($3+4f iy 5 <<—%‘>3+4<—§>2+ L))
:_pzl< (a3 —p2uq: +ux)>:_<—7%)§(x3—2u;2+ux> (mod p)

and

-1 _ 3(u+3) —2u
B 1(2—1> = <g)pzo(m3 : px+ = )

_<6_u> pil (ua;?’ — 3(u+]?;)a: + 18 — 2u> (mod p).

Thus the theorem is proved.



—1
3. Congruences for Z,:Z) #(2:)3 (mod p?).

Lemma 3.1. For any nonnegative integers m and n we have
i 2k\* (n+k\ ([ Fk _i 2k\ (n+k\ (2m — 2K\ (n+m —k
k 2k J\m—k) k 2k m—k 2m —2k )’
k=0 k=0
Proof. Let m and n be nonnegative integers. For k € {0,1,...,m} set
2k\ (m+k\ (2K k
F p—
0= () () () ()
2k (n+E\ (2(m—k)\ (n+m—k
)= () (") Ol =) ™))
For k € {0,1,...,m+ 1} set

Gi(m, k) = —(m + 2)k? (2:)2 (n;;k) (m +k2 - k)

k2(3mn? — 2n2k + m? + 3mn — mk + 6n? — 2nk + 4m + 6n — 2k + 4)
(m+2—k)?

(G0,

For i =1,2 and k € {0,1,...,m}, using Maple it is easy to check that

Gb@n,k)::—

(3.) (m+2)3Fi(m+2,k)+ (2m +3)(m? — 2n* + 3m — 2n + 2)Fj(m + 1, k)
' +(m+1)(m+2n+2)(m—2n)EF;(m, k) = Gi(m,k + 1) — Gi(m, k).

Set Si(r) =Y p_o Fi(r, k) for r =0,1,2,.... Then
(m +2)3(S;(m +2) — Fi(m+2,m+2) — F;(m+2,m + 1))
+ (2m + 3)(m? — 2n% +3m — 2n + 2)(S;(m + 1) — F;(m + 1,m + 1))
+ (m+1)(m+2n+2)(m — 2n)S;(m)

=(m+2)*Y Fi(m+2,k)+ (2m+3)(m® — 20> + 3m — 2n+2) Y _ Fi(m + 1,k)
k=0 k=0

+ (m+1)(m+2n+2)(m — 2n) ZFl
k=0

Z (m,k+1)—Gi(m,k)) = Gi(m,m+1) — G;(m,0) = G;(m,m + 1).
k=0

From the above we deduce that for i = 1,2 and m =0,1,2,...,

(m+2)3S;(m +2) + (2m + 3)(m? — 2n® +3m — 2n + 2)S;(m + 1)
+ (m+1)(m+2n+2)(m —2n)S;(m)

=Gi(m,m+1)+(m+2)3(F;(m+2,m+2)+ E(m+2,m+1))

+(©2m+3)(m* —2n +3m — 2n + 2)Fy(m +1,m + 1) = 0.
9
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Since S1(0) = 1 = 55(0) and S1(1) = 2n(n+1) = S3(1), from (3.2) we deduce S1(r) = Sa(r)
for all » = 0,1, 2,.... This completes the proof.

Remark 3.1 We actually find (3.1) and prove Lemma 3.1 by using WZ method and Maple.
For the WZ method, see [PWZ].

Definition 3.1. Note that (Z) (n}:k)

(Qkk) (";;k) For any nonnegative integer n we define

so=3 (1) () ()= -5 () ()

Lemma 3.2. Let n be a nonnegative integer. Then

Sp(x) = Po(V1+42)? and P,(x)?* = Sn<x24_ 1).

Proof. From (2.1) we have

o= (5 () () N () () 2

r=0

SEE RO )

Hence, from the above and Lemma 3.1 we deduce

x?—1

P,(z)* =S, <7

1 ) and so P, (V1 +4x)? = S, (x).

This proves the lemma.
Remark 3.2 Since S,,(—%) = P,(0)? by Lemma 3.2, using (1.6) we deduce that

"2k (n+ k) 1 0 if n is odd,
Z(k) ( 2k )(—4)k_ 22%(”)2 if n is even.

k=0 n/2

This is an identity due to Bell (|G, (6.35)]).
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Theorem 3.1. Let p be an odd prime and m € Z, with m # 0 (mod p). Then

P 2k 3
(i) _ 64,2 >
kZ:O e :PpT—l( 1_E) (mod p“).

Proof. By Definition 3.1 and (1.1) we have

p—1 p—1
2

p— T 2k 3
s (=) =2 () (%) () = S M oty

On the other hand, by Lemma 3.2 we get

Sea (= ) = P (Y1440 1D) = P (" 15)

2 m m m

Thus the result follows.
Theorem 3.2. Let p be an odd prime, m € Z,, and m # 0,64 (mod p). Then

B 2k 3
(%) /m(m —64) m + 642
S0 (mn ) (10"
Moreover,
Pt 2k 3
+ 64

(:12 =0 (mod p?) <= P[%](Z—Gél) =0 (mod p).

k=0

Proof. Set w =1 — 64/m. From Theorem 2.5 we know that

(Vi) Paa (Vi) = (%) Pl (= — 1) (o p).

Thus, 2 2
<—>Pp_4(\/a)2 = "7 Py (Vu)® = Py (% — 1) (mod p).

2 2
It then follows from Theorem 3.1 that
pt (2k)3

500 <= (202 1) = () g (280 o,

—0 p u p

From (1.5) we see that (\/ﬂ)pT_leT_l(\/ﬂ) € Zy,. Thus, by Theorems 3.1 and 2.5,

A PPT—l(\/a)Q =0 (mod p?) <= ((\/ﬂ)pT_lppT_l(\/a))Q =0 (mod p?)

— (\/ﬂ)pT_leTfl(\/ﬂ) =0 (mod p) <= P (% — 1) =0 (mod p)

]<Ztgj) =0 (mod p).

Thus the theorem is proved.

wls
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Theorem 3.3. Let p be an odd prime. Then

P ok 3_ Bz (2:)3 B , -

(i) (k) :24096k:0(m0dp) for p=3,56 (mod 7),
k=0 k=0

(ii) v (2:)3 = = (2:)3 =0 (mod p?) for p=3 (mod 4),
= (8 (-512)F

-0 S :

(iii) 6 = oGk = 0 (mod p*) for p=2 (mod 3),
k=0 k=0
P (2k)3

(iv) Z (_’%4)k =0 (mod p*) for p=5,7 (mod 8).
k=0

Proof. Taking m = 1,4096, —8, —512, 16,256, —64 in Theorem 3.2 and then applying
Theorems 2.2-2.4 and (1.6) we obtain the result.

Theorem 3.4. Let p be an odd prime.
(i) If p=1,2,4 (mod 7) and so p = C? + 7D? with C, D € 7Z, then

e~

bt 2%\ 3 . = 2k\3
Z <k) (—1)2 (OkQ)(Sk = 4C? — 2p (mod p?).
k=0

(i) If p=1 (mod 4) and so p = a® + b* with a,b € Z and 24 a, then

e (2k:)3 - et (2k)3
; (fS)k =(-1)"7 ) (_5’“12>k = 4a® — 2p (mod p?).
=0 =0

2t (2k:)3 o (2k)3
Z 1k6k =(-1)"= k/_ = 4A% — 2p (mod p?).
k=0

(iv) If p= 1,3 (mod 8) and so p = c¢* + 2d? with ¢, d € Z, then

(=1)"7 (4¢® — 2p) (mod p?).

12



Proof. From [CH, (48), Tables II and III] we know that

(3\/—7)—:(:—y\/ 7 (mod p?) for p = 2% + 7y? with 4 |z +y — 1,

(3\8/7) ( )2 (x —yv/—=T7) (mod p?) for p = 2? + 7y? with 4 |z +y — 1,
Ppa(3) = (= 1)p41(az—y\/_) (mod p?) for p = z* + 32 (mod 4) with 4 |z — 1,

%)E %x—y\/_)(modp)forp:x2+y25 (mod 4) with 4 | z — 1,

(\/_3)5(— )p; (z —yv/=3) (mod p?) for p= 2> +3y*> =1 (mod 3) with 4 |z +y — 1,

Pp71<§>5( £) (x — yv/—3) (mod p?)

for p=22+3y*=1 (mod 3) with 4 | z +y — 1,

Pos (V) = (Y2) (0 — yv=2) (mod 1)

)=

for p = 2® +2y* = 1,3 (mod 8) with 4 | 2 — 1,

where v—d € Q, and |z —yv/—d|, =1 (| - |, is the usual valuation on Q,).
If (_Td) =1,p=12*+dy* and A € Q, with A = z—yv/—d (mod p?) and |z —yv/—d|, = 1,
then

(A—2)? = —dy* = 2> — p (mod p?) andso A% —22A = —p (mod p?).

Hence A = 2z (mod p) and so 214 = (A—22)*+22xA = A2 -2z A+42? = 422 —p (mod p?).
Therefore,

A=2r— 2£ (mod p?) and so A? =42% — 2p (mod p?).
T
From all the above we deduce that

. 2
PpT—l( V=1)? = (—1)71PPT_1 (%ﬁ> = 42% — 2p (mod p?) for p = 2% + Ty,

p—1 3v/2\ 2
P;,T_l(i%)2 =(—-1)= Py <T) = 42* — 2p (mod p?)

for p = 2* +y? = 1 (mod 4) with 21 x (see also [S2, Corollary 2.3 and Theorem 2.9]),

PpT_l(\/—_3)2 = (_1)1%1PPT_1 <§>2 = 42* — 2p (mod p?)

for p = 2* +3y* = 1 (mod 3),
Pt (V2)? = (-1)"(4a® = 2p) = (=1)"F (42* — 2p) (mod p?)
for p =22 +2y* = 1,3 (mod 8).
Now taking m = 1,4096, —8, —512, 16, 256, —64 in Theorem 3.1 and then applying the above

we derive the result.
13



Corollary 3.1. Let p be a prime such that p # 2,3,7. Then

(p_zlE/Q y <2k) 3
k
k=0

. { 2%(319 —4C?) (mod p?) ifp=1,2,4 (mod 7) and so p = C? +7D?,
L 5y (mod p?) if p=3,5,6 (mod 7).

Proof. By [Su2, Theorem 1.3] we have

(p—1)/2 o p—1 2%\ 3
> (21k+8)<k) 2(21k+8)<k) = 8p (mod p?).
k=0 k=0

Thus applying Theorems 3.3(i) and 3.4(i) we conclude the result.

Remark 3.3 Theorems 3.3, 3.4 and Corollary 3.1 were conjectured by Zhi-Wei Sun in
[Sul,Su3].

Lemma 3.3. For any positive integer n we have the following identities:

"o\ K\ k — (id)” 24,
,;(k) < 2k )WZ n(;tl)(gf if2 | n,

2K\ [+ k\ k> %(22})2 if 21n,
,;(k) ( 2 )W: () if 2| n,
"N (n+ kK3 —”2(4”2(";1,;2:?2(”“””(72;)2 if21n,
1;<k) ( 2k )W_ n2(n+115).22(2%n+1)2 (g)Q i 2| n.

Proof. We only prove the first identity. The other identities can be proved similarly. Let
f'(z) = L f(z) be the derivative of f(z). By Lemma 3.2, S,(z) = P,(v1+42)% If 2 | n,
then P,(v/1+ 4x) is a polynomial in 1 + 4z. Thus

S!(x) = 2P, (V1 +4x) - d

— Pu(VI+1a)

and so

=Y
PN

From (1.5) we see that

n

%P (V1+4z) = %%é( ) <2n;2k)(1+4x)%—k
:%5 0( ) <2n—2k)(2 B) (14 do) 1



and therefore

Combining the above with (1.6) we get

S = %) —2. (—;zl”“ <n7;2) ,(_1)%—1% (n%) _ _% <n7;2>2'

By Definition 3.1,

R Ly =

k=1

Thus the first identity is true when n is even.
Now we assume 2 { n. Set

= n 2n — 2k n—1
A = —1)k ok,
0 =3 (1) () ar
k=0
From Lemma 3.2 and (1.5) we have

Pn(\/W)>2 1

So(z) = (1 +4x)< ) = +dx) A, (2)2.

22n

Thus,
S3 () = s (1A (2)? + (14 42) - 24, (2) 4} ()

and therefore
L AL A n e (= (i D)y
Si(=7) = gz An(— )" = 557 ((aa ) 1) )
An+1)2/ n\>  4n® [(n-1\>
7 9o n-l ~ 92n-2 nel )

This together with (3.3) yields the first identity in the case 2 { n. The proof is now complete.
We remark that Lemma 3.3 can also be proved by using WZ method.

Lemma 3.4. Let p be a prime of the form 4k + 1 and so p = a? + b with a,b € Z and

2ta. Then
2

1 p—;l 2 2
5T (p;l) = 4a* — 2p (mod p?).
1
15




Proof. From [CDE] or [BEW] we know that for a =1 (mod 4),

p—1 -1
= 2074 41 D
2 = - _ £ 2
<p 1) = 5 (Qa 2a> (mod p~).

Set q,(2) = (2P~! —1)/p. We then have

1 p—1 1 2p—1_|_12
(2) Ezp—1'< 1 "~ (aa® o)

_ L M(ZLQZ —2p) = 4a® — 2p (mod p?).

4 1+ pr(Q)

This proves the lemma.

Theorem 3.5. Let p > 5 be a prime. Then

I3
|
[

= 3 _ _ 2 )
k(%) _ { (2p—2+2r71) (Eg_g%i) (mod p?) if p=3 (mod 4),
64" L —a? (mod p?) if p=a®+4b> =1 (mod 4),
B 3 o\ ((p—3) /2 2 ,
k(%) _ { (1—p-—2° 2)(%2_3%1) (mod p?) if p=3 (mod 4),
= o 13 (20> = p) (mod p?) if p=a®+4b> =1 (mod 4),

_ 2 .
%(27’_2 —1+4p) (Eg_g%ﬁ) (mod p?) if p=3 (mod 4),

0 (mod p?) if p=1 (mod 4).

]

o

w

[\

& =
SN—"

w
—N—

Proof. By (1.1) and Lemma 3.3,

pot -
: ’f(z;f)g_i: 2\ (B + k) k
k=1 G4 _kzl k 2k (_4>k
C1)2 (pe3) /on 2 _
- (gp—lz (g,’i_g%ﬁ) (mod p?) if p=3 (mod 4),
T\ esiipt1 e 2 = b
o (%) E—Z~2p—,1(%) (mod p?) if p=1 (mod 4).

Set ¢,(2) = (2P~! —1)/p. For p = 3 (mod 4) we see that
p

(p—1)%_ 2p-1 _
T T T4 (2) Cp — 11 = pe(2)

=1+ (2+¢2)p=2p—2+2"" (mod p?).

Now combining all the above with Lemma 3.4 we obtain the first congruence. The remaining
congruences can be proved similarly.

p—1 1.3(2k)\3
Remark 3.4 In [Su3,(1.10)], Zhi-Wei Sun obtained the congruence for y , 2, i éﬁe) (mod p).
p—1 1.3(2k\3
He also conjectured that ), 2, % = 0 (mod p?) for any prime p = 1 (mod 4) with
p#5.
16



4. A general congruence modulo p?.

Lemma 4.1. For any nonnegative integer n, we have
t 2K\ 4k k e (2K (4K [2(n — k) (4(n — k)
. R IE DY ) )
k 2k ) \n—k k ) \2k n—k 2(n — k)
k=0 k=0
Proof. Let m be a nonnegative integer. For k € {0,1,... ,m} set

Fy (o) — <2:)2<;1:) (m’f_ k)(—64)m_k,
= (2) () ) a1

For k€ {0,1,... ,m+ 1} set

4k%(16m? — 16mk + 55m — 26k + 46)
(m+2— k)2

" (2k:) (4k) (2(m +1- k:)) (4(m +1- k:))
k ) \2k m+1—k 2(m+1—-k)/)
For i =1,2 and k € {0,1,...,m}, using Maple it is easy to check that
(m+2)3Fi(m +2,k) — 8(2m + 3)(8m? + 24m + 19)F;(m + 1, k)
+1024(m + 1)(2m + 1)(2m + 3) F;(m, k) = Gi(m, k + 1) — G;(m, k).
Set Si(n) = p_o Fi(n, k) forn =0,1,2,.... Then
(m +2)3(S;(m + 2) —Fi(m+2,m+2) — Fi(m+2,m+1))
—8(2m + 3)(8m? + 24m +19)(S;(m+ 1) — Fy(m +1,m+ 1))
+1024(m 4+ 1)(2m + 1)(2m + 3)S;(m)

G2 (m, ]{7) =

(4.1)

= (m+2)* > Fi(m+2,k) — 8(2m + 3)(8m* + 24m + 19) ¥ F;(m + 1, k)
k=0 k=0

+1024(m +1)(2m +1)(2m +3) > Fi(m
k=0

= i(Gi(m, k+1)—Gi(m,k)) =Gi(m,m+1)—G;(m,0) = G;(m,m+ 1).

From the above we deduce that for i = 1,2 and m =0,1,2,...,

(m +2)38;(m +2) — 8(2m + 3)(8m? + 24m + 19)S;(m + 1)
+1024(m + 1)(2m + 1)(2m + 3)S;(m)

= Gi(m,m+1)+ (m+2)*(F;(m+2,m+2) + F;(m+2,m+1))
—8(2m + 3)(8m? + 24m + 19)Fy(m + 1,m + 1) = 0.

Since S1(0) = 1 = S3(0) and S1(1) = 24 = S5(1), from (4.2) we deduce S;(n) = Sz(n) for
alln =0,1,2,.... This completes the proof.

(4.2)

17



Theorem 4.1. Let p be an odd prime and let x be a variable. Then

Zé (2:)2 (;UZ) (z(1 - 64z))* = (: (2:) (3:) a:’“)2 (mod p?).

k=

Proof. It is clear that
p—1 2
2k 4k i
( p ) <2k) (z(1 — 64x))

k=0

p—1 2 k

2k 4k\ k ,

-3 () () () o

k=0 r=0

2(p—1) min{m,p—1} 2
2 4
() GGl
— — k 2k \m —k

m

2
Suppose p <m <2p—2and 0 <k <p—1. If k> %, then p | (2:) and so p? | (215) CIf

k<% thenm—k>p—Fk>kandso (mk_k) = 0. Thus, from the above and Lemma 4.1
we deduce that

5 (4) () -our

B LY e

)
-GG -0 G Z ()G mar

k=0

Now suppose 0 < k <p—landp—k <r <p-—1. Ifk> P then p® { (2k)!, p® | (4k)! and so
(Qkk)(glz)—(;;%_O(modp) If k<%, thenr>p— k>%pandso( )( ) = )t

@m)ir2 =
O(modp).Ifi<k<§,thenr2p—k>g,p|(%f)andp|(4k) If £ <k< 3p , then
r>p—k>% p| (Qkk) and p | (*)(5"). Hence we always have (zkk) (32)( NG =0 mod p?)

and so . .
p— p—
2k\ (4k\ 2r\ [4r\ , 9
3 (k) (2k)x 3 () (2)1- — 0 (mod p?).
k=0 r=p—k
Now combining all the above we obtain the result.
18



Corollary 4.1. Let p be an odd prime and m € Z,, with m # 0 (mod p). Then

Ei: (kzngzk) (

M7

(2k) (4k) <1 — m)k)z (mod 1)

k 2k 128
k=0 k=0
Proof. Taking = = ImV1-256/m v11;§56/m in Theorem 4.1 we deduce the result.

Theorem 4.2. Let p be an odd prime, m € Z,, m # 0 (mod p) and t = /1 —256/m.
Then

p—1 (2k)2(4k) p—1 b1 2

% = Pzy(t)? = <Z(az3 + 42% +2(1 — t)as)T> (mod p).
k=0 =0

Moreover, if Piz)(t) =0 (mod p) or Zﬁ;é(a:?’ + 4224+ 2(1 — t)2)* T =0 (mod p), then

4

p—1 (2k\2 (4k
(k:) IEQk) = 0 (mod p2)
m

Proot. Tor § < k < p. (%) = %2 = 0 (mod p). For % < k < B () = G5

0 (mod p). Thus, p | (%)( ) for £ <k < p. Now combining Lemma 2.2, Theorem 2.1 with
Corollary 4.1 gives the result.

Theorem 4.3. Let p = 1,3 (mod 8) be a prime and so p = ¢® + 2d® with ¢,d € Z and
c¢c=1 (mod 4). Then

S K6 o § et

— 128k — 128k = P
:_p_1<(—93)3+4(—a:)2+2(—a:)) B ( )p 1(1’ — 422 +2x>
=0 p 2=0
= (—1)[§]+pT_12c (mod p).

19



Taking # = 1= in Theorem 4.1 we get

128
p—l (4k) p—1 (Qk:) (4k)
_ k) \2k
256k o (
k=0 k=0

)2 (mod p?).

From [M] and [Su4] we have Zi;é (Qkk)Q(;ﬁ) /256% = 4c? — 2p (mod p?). Thus

p—1 (zk) (4kz) 9 oo
4¢* - 2p = (Z "“127332];“) = 4c? + (—1)5T 7 4egp (mod p?)
k=0

and hence g = —(—1)51+" =z % (mod p). So the theorem is proved.

We note that Theorem 4.3 was conjectured by Zhi-Wei Sun in [Sul].
5. Congruences for Zi;(l) (Qkk)z(;ﬁ) /mk.
Theorem 5.1. Let p # 2,3,7 be a prime. Then

p

2 .
(D) Gh { 0 (mod p*)  if p=3 (mod 4),
648"~ | 4a® (mod p) ifp=a®+4b? =1 (mod 4),

T
= o

M

2) ( )_ 0 (mod p?) if p=2 (mod 3),
(—144)F ~ { 4A? (mod p) ifp=A2+3B?=1 (mod 3),

%W
= O

— (%) G
()@ 0 (modp?)  ifp=3.5.6 (mod 7),
— (=3969)* { 4C? (mod p) ifp=C*+7D?*=1,2,4 (mod 7).

W‘
CJ

Proof. Taking m = 648, —144, —3969 in Theorem 4.2 and then applying Theorems 2.2-2.4
and (1.6) we deduce the result.

We mention that Theorem 5.1 was conjectured by the author in [S2].

Lemma 5.1 ([S3, Lemma 4.1]). Let p be an odd prime and let a,m,n be algebraic
numbers which are integral for p. Then

p—1 p—1
Z( +a’ma +ddn)"T =T Z(as?’-l-mx-l—n)z%l (mod p).
=0 =0

Moreover, if a,m,n are congruent to rational integers modulo p, then

p—1 p—1

Z (933 +a2mx+a3n) B (g) Z (933 +m:v+n)
o p p p '

=0




Theorem 5.2. Let p # 2,3,7 be a prime. Then

oV =7
P[%](7>
9
_ (3(7%?/__7))(%)20 (mod p) ifp=1,2,4 (mod 7) and so p = C? +7D?,
0 (mod p) if p=3,5,6 (mod 7)

and

pil (4k) _ { 4C? (mod p) ifp=1,2,4 (mod 7) and so p = C? 4+ 7D?,
—~ 81~ | 0 (mod p?)  ifp=3,5,6 (mod 7).

Proof. By Theorem 2.1,

P ](5\/9_) = —(S)E(azg - g(3+\/__7)x+7+5\/__7>f'—;1 (mod p).

Since

—g<3+¢——7):(1—¢——7>2 and 7+5\/—_7:(1—\/—_7)3
—35 2v/—=7 —98 2v/—7 /)’

by the above and Lemma 5.1 we have

_(6)(12—\/\/_—_7>”71§(x3—3259x—98) (mod p).

na (")

As 23 + 2122 + 1122 = (2 + 7)% — 35(x + 7) — 98, by (2.4) we get

(5.1) ’S <x3 —35x—98> B { —2C(S) ifp=C2+7D2=1,2,4 (mod 7),
' P 1o if p = 3,5,6 (mod 7).

=0

For p=1,2,4 (mod 7) we see that

(mod p).

— V=T B V=T B
G -0ES) T =6
5v—=T7

Thus, from the above we deduce the congruence for Pz;(=¥5—) (mod p). Applying Theorem
4.2 (with m = 81) we obtain the remaining result.

(=)

p

Let p > 3 be a prime and let F,, be the field of p elements. For m,n € F,, let #E,(z> +
mx + n) be the number of points on the curve E: y? = x3 + max + n over the field F. It is
well known that (see for example [S1, pp.221-222])

3 P2l fma+n
(5.2) #E,(x +mx+n):p+1+z T>
x=0
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Let K = Q(v/—d) be an imaginary quadratic field and the curve y? = 23 +max +n has com-
plex multiplication by an order in K. By Deuring’s theorem ([C, Theorem 14.16],[PV],[I]),
we have

p+1 if p is inert in K,
5.3 Ep(a® +ma +n) =
(5.3) #Ep(x” +mx +n) {pH_W_W if p=77in K,

where 7 is in an order in K and 7 is the conjugate number of 7. If 4p = u? + dv? with
u,v € Z, we may take m = %(u + vv/—d). Thus,

p—1

(5.4) <x3+mx+n)_{j:u if 4p = u? + dv? with u,v € Z,

= D 0 otherwise.

In [JM] and [PV] the sign of u in (5.4) was determined for those imaginary quadratic fields
K with class number 1. In [LM] and [I] the sign of w in (5.4) was determined for imaginary
quadratic fields K with class number 2.

Theorem 5.3. Let p be a prime such that p = £1 (mod 12). Then

P ( 7 3> _ (zﬁfﬁ)%‘ (mod p) ifp=a?+9y* =1 (mod 12) with 3 | x — 1,
12 ~ | 0 (mod p) if p=11 (mod 12)
and )
pi () Go _ { 422 (mod p) ifp =22+ 92 =1 (mod 12),
e~ (—12288)F | 0 (mod p*) ifp =11 (mod 12).

Proof. From [I, p.133] we know that the elliptic curve defined by the equation y* =
23 — (120 + 42v/3)x 4 448 + 336+/3 has complex multiplication by the order of discriminant
—36. Thus, by (5.4) and [I, Theorem 3.1] we have

pz‘:l (n3 — (120 + 42v/3)n + 448 + 336\/§>

p
n=0
B { —2p(AEY3) if p =22 4+ 9y2 =1 (mod 12) with 3 |z — 1,

P
0 if p=11 (mod 12).

By Theorem 2.1,

P[§]<1\/§> E‘(f‘,)p_l <n3_60+21¢§ +28+21\/§)p7_1

12 s g 1
6\ E~ s 604+21V3 n 28+ 213\ 5t
R e
6\ R /nd — (120 + 42v/3)n + 448 + 336y/3
= _<Z;> 2 ) ) (mod p).
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Now combining all the above we obtain the congruence for P[g](l 3) (mod p). Applying
Theorem 4.2 (with m = —12288 and ¢ = ->v/3) we deduce the remaining result.

Remark 5.1 In [Sul, Conjecture A24], Z.W. Sun conjectured that for any prime p > 3,

p—1 (4k)
O 12288
(—1)15) (42 — 2p) (mod p?) if p=22+y?> =1 (mod 12) and 4 | z — 1,
=< —4(%)zy (mod p?) if p=22+9y?=5 (mod 12) and 4 | z — 1,
0 (mod p?) if p=3 (mod 4).

Theorem 5.4. Let p be an odd prime such that p = £1 (mod 8). Then

P <2_\/§) _ (—1)1%1(\;_)(%)2:1: (mod p) ifp=2?+6y*=1,7 (mod 24),
V37 0 (mod p) if p=17,23 (mod 24)

and

pzl ()" () _ { 42? (mod p) ifp=az?+6y*=1,7 (mod 24),

2k 2 P
— 48 0 (mod p*)  if p=17,23 (mod 24).

Proof. From [I, p.133] we know that the elliptic curve defined by the equation y* =

23 4 (=21 4 12v/2)x — 28 + 22v/2 has complex multiplication by the order of discriminant
—24. Thus, by (5.4) and [I, Theorem 3.1] we have

p—1

nd + (=21 4 12v/2)n — 28 + 22V/2
> ( ; )
x% 2 if p=1,7 (mod 24) and so p = 22 + 6y,
{ if p=17,23 (mod 24).

By Theorem 2.1,

p—1 1

Ra(37) = (3) X (- 7 6v) T (o ).

Since

—(15+6\/§)/2_<ﬂ+1)2 nd 7+ 6v2 _<ﬂ+1)3
214122\ V2 928 +222 \ 2 /'

by Lemma 5.1 and the above we have

P[§]<2f)__(_><f(f+1)>z(n + (- 21+12\/§)n—28+22ﬁ>

3 p p p
_ —(%)(%)23:(2%) (mod p) if p=2%+6y>=1,7 (mod 24),
0 (mod p) if p= 17,23 (mod 24).
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This yields the result for Pz (27\6) (mod p). Taking m = 482 and t = % 2 in Theorem 4.2
and applying the above we deduce the remaining result.

Let b € {3,5,11,29} and f(b) = 482,12%,15842,396* according as b = 3,5,11,29. For
any odd prime p with p 1 bf(b), Z.W. Sun conjectured that ([Sul, Conjectures A14, A16,
A18 and A21))

422 — 2p (mod p?) if p = 22 + 2by?,

p—1 (2k)2(4k)
(5.5) W ={ 2p—8x? (mod p?) if p =222 + by?,
k=0 0 (mod p?) if (=22) = —1.
For m € {5,13,37} let
(5.6)
~1024 if m =5, o 5 if m = 5,
f(lm) =< —82944 ifm=13, and t(m)=,/1- m = 1% 13 if m =13,
—210- 210 if m =37 U5 /37 if m = 37.

Suppose that p is an odd prime such that p t mf(m). In [Sul], Z.W. Sun conjectured that
(5.7)

p—1 (2k\2 4k 4z* —2p (mod p?) if (%)= (%) =1 and so p = 2* + my?,
%E 2p —22° (mod p?) if (%) = (5}) = —1 and s0 2p = & + my?,
m
0 0 (mod p?) if () = —(=1)

Theorem 5.5. Let m € {5,13,37} and let p be an odd prime such that (}}) = 1 and
pt f(m). Then

S 60" { 1% (mod p) if p=1 (mod 4) and so p = #* + my?,

k=0 f(m)* 0 (mod p?) if p=3 (mod 4).

Proof. Let t(m) be given in (5.6). From [LM, Table II] we know that the elliptic curve
defined by the equation y? = 23 + 422 + (2 — 2t(m))z has complex multiplication by the
order of discriminant —4m. Thus, by (5.4) we have

pz_:l (n3 +4n? + (2 —2t(m))n> B { 2z if p=1 (mod 4) and so p = 22 + my?,

P 0 ifp=3(mod4),

n=0

for m = 5 see also [LM, Theorem 11|. Now applying the above and Theorem 4.2 we deduce
the result.

Remark 5.2 Let p = 1 (mod 20) be a prime and hence p = a? + 4b* = 22 + 5y? with
a,b,x,y € Z. A result of Cauchy ([BEW, p. 291]) states that

p—1y\ 2
2
20

{ 42?% (mod p)  if5fa,

—42% (mod p) if5 | a.
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Using the arguments similar to the proof of Theorem 5.5, [LM, Table II] (or [I}) and (5.4)
we see that for any odd prime p,

(5.8)
1 5Y _ (=2) _ _ 2 2
P <n3—|—4n2—l—(2—%\/3)>: 2¢ if () =(5°) =1and so p==* + 10y,
= p 0 if(7)=1and () =—1,
S GREIESRE YU A, (2) = (Z) = 1 and s0 p = 2 + 2247,
0 p 0 if (%) =1 and (_Tl> = -1,

—1 e (=2) _ (29 _ _ 2 2
3:<n3+4n2+(2—g%% 2%n):: 20 if (5°) = (%) =1 and so p = 2= + 58y7,
— P 0 if (_72) = —1 and (%) =1,
pil <n3+4n2+(2—% 6)n> B { 2z if p=1,19 (mod 24) and so p = 2% + 18y?,
—~ p - L0 ifp=5,23 (mod 24),

1 <n3+4n2+(2—% 5)n> _{ 2z if p=1,9 (mod 20) and so p = 22 + 25y2,
— p L0 ifp=11,19 (mod 20).

From (5.8) and Theorem 4.2 we deduce the following results:

L) f e modp) i (3) = (5) = 1 and so p = a? + 107
prs 124k 0 (mod p?) if (%) =1 and (_72) =1,
pil (2:)2(‘212) _ 422 (mod p) if (%) = (_Tll =1 and so p = 22 + 2212,
prs 15842k 0 (mod p?) if (%) — 1 and (—71) — 1,
sy S2ELE [ trodn) 1= ()= 1andsop =t 50
— 3964k 0 (mod p?) if (—72) — 1 and (%) —1,
IS (Qkk)z(gz) _ { 422 (mod p) if p=1,19 (mod 24) and so p = x? + 18y?,
— 28% | 0(modp?) ifp=5,23(mod 24),
ik (2:)2(;“;) _ { 422 (mod p) if p=1,9 (mod 20) and so p = 22 + 2592,
= (21434 5)F 0 (mod p?) if p = 11,19 (mod 20).

We remark that all the congruences in (5.9) were conjectured by Zhi-Wei Sun in [Sul].
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