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Let p > 3 be a prime, and let a be a rational p-adic integer. Let {B,} and {B,(x)} denote the

Bernoulli numbers and Bernoulli polynomials given by By = 1, ZZ;; (})By =0 (n > 2) and
Bu(z) =3 1_o (})Bez™™® (n > 0). In this paper we show that

i a l1—a 1
~ () )m
—(2a+1)(2t + 1) — p*t(t + 1)(4 + (2a + 1) B,_2(—a)) (mod p*),

p—1
Z()( HL) 0 124 P+ 1)By a(—a) (mod )
= 2k+1

where t = (a — (a),)/p and (a), € {0,1,...,p — 1} is given by a = (a), (mod p).
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1. Introduction

The Bernoulli numbers {B,,} and Bernoulli polynomials {B,(x)} are defined by

n—1 n

—1, 2; ( )Bk =0(n>2) and Bu(x)=Y. (Z) Bya™* (n > 0).

k=0

The Euler numbers {E,} are defined by Ey = 1 and E,, = — L”:/ f] (2’2) En ok (n > 1), where
la] is the greatest integer not exceeding a. In [S5] the author introduced the sequence {U,}
given by Uy = 1 and U, = —2 ZW2 ( ) n_ok (n > 1). Tt is well known that Bs,;; = 0 and



Es,—1 = Uy,—1 = 0 for any positive integer n. {B,}, {E,} and {U,} are important sequences
and they have many interesting properties and applications. See [B1], [MOS] and [S1-S6].
As pointed out in [S7], we have

IV L (Y (=R <3\ 1 (2 3
k) 16:\k) \k/J\Kk) 2t°\k/)\ k)
(1.1) / 5 .
-1\ (1) _ 1 2k (4k — 5\ _ 1 [(3k\ (6K
k k 64k \ k ) \2k)" \ k k 4328\ k ) \3k)"
Let p > 3 be a prime. In 2003, based on his work concerning hypergeometric functions and
Calabi-Yau manifolds, Rodriguez-Villegas [RV] conjectured the following congruences:

<1.2>§%(2,f)25(§) (mod 7). p_l%(zkk)(?’,f)z(‘??’) (mod 7).

D=

k=0 k=0
p—1 p—1
1 [(2k\ [4k -2 1 [3k\ [(6k -1
S (22 modrt), Sk (21 moar),
( )k:064 (k)(zk) p ) (medr) ;43%(/@)(31@) p ) (mod )
where (5) is the Legendre symbol. These congruences were later confirmed by Mortenson

[M1-M2].

Let Z be the set of integers. For a prime p let Z, denote the set of rational p — adic integers.
For a p — adic integer a let (a), € {0,1,...,p — 1} be given by a = (a), (mod p). In [S7] the
author generalized (1.2) and (1.3) by showing that for any odd prime p and a € Z,,

P /a\[-1—a
(1.4) (k‘)( k ) = (—=1) (mod p?).
k=0
Inspired by (1.4), in [T] Tauraso obtained a congruence for Y71 1) (L) (mod p?).

Let p > 3 be a prime. By doing calculations with Mathematica, the author’s brother Z.W.
Sun conjectured that (see [Su, Conjecture 5.12]):

(1.5) 3 m (i’“) (3:) = (B) - 20B,s(3) (mod p?)

k=0

(1.6 5 s ()G = G =B mod )

k=0

(L.7) Z m(gi) (3:) =(3) (mod ")

k=0

This entices the author to study the sum Zi;é ) _1k_“) Tlﬂ
Suppose 0 < k < 1, (z)p =1 and (z), = x(z+1)---(x+n—1) forn =1,2,3,.... The

elliptic integral of the first kind is given by

1 dt % dg
K(k) :/0 \/(1—t2)(1—k32t2) :/0 \/m
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It is known that (see [B2, p.318])

- ]'/2 n 2n - 1/2 2n
RS S e
n:O n=
The elliptic integral of the second kind is given by

1 — k22 2
St = / V1 = k2sin® 6do.
It is known that (see [B2, p.318])

00 n . 00 1 1 00 1 1 2 .
732 nvz R = ZO<2>( 2) __g;Qn—l(nQ) K

n=

Let p > 3 be a prime, a € Z, and t = (a — (a),)/p Inspired by (1.4) and power series for
elliptic integrals, we also investigate the sum Zi;é (Z) (*1,;“) 5 Actually, in this paper we
prove that

1

(1.8) ZO (a)< 1_a> %1_1

=—(2a+1)(2t+1) —p*t(t +1)(4 + (2a + 1) B,_2(—a)) (mod p?)

and

’  (a 1—a 2atl_ o a0 g .

(1.9) Z; 1=t t+ p*t(t +1)B, o(—a) (mod p?).

Taking @ = —3,—+,—¢ in (1.9) and then applying (1.1) we deduce (1.5), (1.6) and (1.7),
respectively.

2. The congruence for ) /_ ( ) (") 5Es (mod p?)

k 2k+1
For any positive integer n and variables a and b with b & {—1, —%, . —%} let
“la\[-1—a 1
2.1 S, (a,b) = .
(2.1) (a,5) kz_o(k>< k >bk+1
Then

(ab+ 1)S,(a,b) — (ab— 1)S,(a —nl,b)
SO () (i
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_n a\ [ —a (ab+1.a+k_ab—1.a—k>_2n a\ [ —a
I AN AN R A AN

By [S7, (4.5)] or induction on n, >y, ($) (%) = ("F) (" %) = (1) (") Thus,

n n n

(2.2) (ab+1)Sa(a,b) — (ab—1)Su(a—1,b) = 2(“ ) 1) (_“ - 1).

n

For any positive integer m define H,, = 1 + % + -+ % We also define Hy = 0.
Lemma 2.1 ([S7, Lemma 4.2]). Let p be an odd prime, m € {1,2,...,p—1} and t € Z,,.

Then . - )
t — t t t

(m—l—p >E]i_p_+p_Hm (mod p*).
m

Lemma 2.2. Let p be an odd prime, a € Z,, a #0 (mod p) and t = (a — (a),)/p. Then

a—1 —a—1 2t(t+1) 3 1+ 2t H<a> 4
_ D (L2 H)

Proof. By Lemma 2.1,

(-8 o
t

t Ha
= —|—p2t< - —+ %) (mod p?).

From [S7, p.312] we know that H, 1, = H, (mod p). Thus, from Lemma 2.1 we deduce

P

that
—a—1\ _ (p—A(a)—p(t+1)—1
(p— 1 ) Bl < p—1 )
e L H .
= e )
_pt+1)(a)y+p) 5 t+1 Hy )
= P - (t+1)( - P)
<a>}2° { >121 (a)p
e
Ep<’<f$1>+ 2(t+1) 1<+>2t fj;;}
_plt+1) o, 1+t Hup, ,
= (a), +p <t+1)<_ e ;>> (mod p°).
Hence,



i t H, t+1 1+t Hpy
E(p_+p2t(__+ <>p>>(p( )+p2(t+1><_ n <>p>)
(a), a? a (a), a? a
t(t+1) 1+2t _Hy
— 2 3 P 4
=2 (41 ( = 2 ) d pb).
p ay +pit(t+1) 5 T2 3 (mod p°)
This proves the lemma.
For any positive integer n and variable a let

(2.3) To(a) = (20 + 1)Sy(a,2) = k; (Z) (_1k_ ") gz i 1

Lemma 2.3. Let p > 3 be a prime and t € Z,. Then
T,-1(pt) =1+2t (mod p*).

Proof. Clearly

-5 0%

14 S DR G — (= 1P) (PP = 1) 2t 4]
k=1 k!? 2k +1
p—1 k(_ 12 2 2
(DM (=2Y) - (= (k= 1)%) 2pt+1
=2pt+1 t(pt + k :
p++,;p(p+) 2 2%k + 1
kAPt
L @2pt+ 1t (P = (55" - (0 = 17)
pt — 2t (2=11)2

p—1

p—1
t+ k 2t(2pt + 1 ~ 1
=2pt + 1 — pt(2pt + 1) Z Pt + (2pt + ;(1—p2tzzﬁ> (mod p?).
k k=1

— K*(2k+1)  2pt+1-—

kit 2L
From [L] or [S2] we know that >0~ 5 =0 (mod p) and 3-57_1 1 =0 (mod p?). As m =
k—12 —%+%+1, we see that
p—1 p—1
pt+k 1 2 4
S MRS (-2 )
2o 22k + 1) ; 2k 2kt
kAPt k#PoE
p—1 p—1
B 1 2 p—1 2 0t — 1+ 2k + 1 )
=Xt B (G - g) - (55 )((P_—l)2_E>+22 2%k + 1 (mod 7)
k=1 2 2 i:}l
k# s



and so
p

-1 -1
S =S ) B G- - 2)- (&

1 p—1
k=1 k=1 2 2
k;ép
p—1 p—1 1
2 1+202pt —1
T2 1H2Ap=1) Y oy
k=1 k=1
gt gt
p—1 1
= —8&pt +2 1 22pt — 1 d
pt+2(p+1) +2(2pt — 1) ;?1 T (mod p*)
EAETL

—1
Using the known congruences Y 7_1 1 = 0 (mod p?) (see [L]) and Zk 172 =0 (mod p) (

[S2, Corollary 5.2]) we find that

1
1k

_1 p=3 p1
\ 1 &l N - 1
= -1
— 2k+1 =2k+1 =B +k)+1
kA2t
p=3 p=1
YLy
o 2 _ A)2
~2k+1  —=p?—dk
p=3 p=1 p1
2 1 <1 <1
2k +1 2k 4 k2
k=1 k=1 k=1
L el
=k 4 £ 2
k=1 k=1
=1 (mod p?)
Therefore,
t+k
Z k2p2/:+ 0= = —8pt+2(p+1)—2(2pt —1) = 2p(1 — 6t) +4 (mod p?).
k;ﬁ;
By [S2, Corollary 5.2], ,(Cp 11)/ 2 k—12 =0 (mod p). Thus, from all the above we deduce that

p—1
pt+k 2t(2pt +1)

Ty (pt) = 2pt + 1 — pt(2pt + 1) Z
£ |22k + 1) o=y

p,
2

P
— ot 4+ 1 — pt(2pt + 1)(2p(1 — 6) + 4 2t<1 —)

= 2pt + 1 — pt(8pt + 2p(1 — 6t) +4) + 2t + 2tp(1 — (2t — 1)p)
=1+2t (mod p?).



This proves the lemma.
Theorem 2.1. Let p > 3 be a prime, a € Z, and t = (a — {(a),)/p. Then

— 1—a\2a+1
( ) ( ) =1+2t+p*(t+1)B, o(—a) (mod p?).
— 2k +1

Moreover, if a 0 (mod p), then

pz; (a) ( " a) 52: =142+ pPH(t + 1><% ~ Byafa) - (mod 7).

Proof. For a # —3 (mod p) we see that

(2) () =02 (2)(F)

=(=1)"z - 3 =0 (mod p).

Thus, ( )( 1k “) SZE € Z, for k=0,1,...,p—1. When a = pt =0 (mod p), by [S2, Lemma
3.1] we have B, 3(—a) = B o(—pt) — Bp—2(0) = 0 (mod p). Thus, the first result follows from
Lemma 2.3. Now suppose that a # 0 (mod p) and T, (a) is given by (2.3). By (2.2) and Lemma

2.2,
Tp-1(a) = Tp-1(a —1)

a—1 —a—1 t(t—‘rl) 1+ 2¢ H<a>
_9 = 9?2 2Pt (t 1(— 2 ) dph).

For 1 <k < (a), we have (a —k+1),=(a), —k+1landsoa—k+1=(a),—k+1+pt =
(a —k+ 1), + pt. Hence

Tp-1(a) = Tp-1(a — (a)p)
(a)

(a)p

~ 2t(t+ 1)p
= (Tpfl((l—k—i—l) pla— Eza—k—i—l
k=1 k=1
(a)p (a)p 1 (a)p
t(t 12 S =2(t+1)p* Yy — =2t(t+1)p° p-3 d p%).
By [S2, Lemma 3.2],

sl p—3 — p—2 BP*2<_a) — BP*Q — 1
2 P2 = (-1) p— = §Bp_2(—a) (mod p).



— T, (a) = Ty 1(a— (a),) = 2t(¢ + 1)p2 % o(—a) = Pt +1)B, 5(—a) (mod pP).

This together with Lemma 2.3 yields T, 1(a) = 1 + 2t + p*t(t + 1)B,_2(—a) (mod p*). From
[MOS] we know that B,(—a) = (—1)"(B,(a) + na™'). Thus,

By_s(—a) = (—1)"*(Bp—z(a) + (p — 2)a"*) = —=B,_5(a) + % (mod p).

This completes the proof.
Corollary 2.1. Let p > 3 be a prime and a € Z, with a # 0 (mod p). Then
-1

() S () ) S = e a0 mod )

k=0

=

il

Proof. As (—a), = p — (a),, from Theorem 2.1 we derive that

p—1

- (—a)(—l—i—a)l—Qa
2\ &)\ & Jok+d

=127 =5 o ) — o (o) (5 - Byea(—o)
1282 (o)) 0= (@) (5~ Ba(—a)
= o=@ ra- @) 5 -5 (1) (7, meas)

This yields the result.
For m = 3,4,6 it is clear that

(2.4) _%_<_%>p: m m m

and so

I R

m m m m

Theorem 2.2. Let p > 3 be a prime. Then

P! 1 ok\ [4k
£ 64%(2k + 1) \ k) \2k

Proof. Taking a = —3 in Theorem 2.1 and then applying (1.1), (2.4) and (2.5) we obtain

(—1)"z —3p*E,_5 (mod p?).

-1 2-(3H)
S s () (o) = o ()
22 64R(2k + 1) \ k ) \2% 1—2.1 1-2.1 1
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p=1 3 1
(~1)'F = 2p*B,s(5)  (mod p?).

It is known (see for example [S4, Lemma 2.5]) that E,, = 42”“32"%&”) Thus, E, 3 =
e Bealll) _ B/

mod p). Now combining all the above we obtain the result.
Theorem 2.3. Let p > 3 be a prime. Then

p—1

s (2)(2) - (- e

Proof. Taking a = —3 in Theorem 2.1 and then applying (1.1), (2.4) and (2.5) we obtain
(1.5). By [S5, p.217], B, o(%) =

_2(3) = 6U,_3 (mod p). Thus the result follows.
Theorem 2.4. Let p > 3 be a prime. Then

i\

pi 6k\ (3k\
£ 43252k + 1) 2k+ sk)\ k)~

Proof. Taking a = —; in Theorem 2.1 and then applying (1.1), (2.4) and (2.5) we obtain

() sly)

. Thus the result follows.

(g) — 1—51) Up-3 (mod p°).

>z (1)

y [S5, p.216], B,2(§) = 30U,_3 (mod p)

3. The congruence for Zz;é (%) (_11:_@)21{%1 (mod p?)

Lemma 3.1. For any nonnegative integer n we have

i (Z) (_1/<;_ a) (2a(a + 1)441221)_k1— ala+1) ala+1) (a - 1) (—2 — a)'

 n+1 n n

Proof. It is easy to check that

s () o) e )

n n

B a —1—a\rala+1) a—n—-1 -2—a—-n ala+1) n+1 n+1
(n+1)<n+1){2n—|—3. a " 1-a 241 o« '—l—a}
B a —1—a\ (2a(a+1)+1)(n+1) —ala+1)

_<n+1)(n+1) 4n+1)2 -1 ’

Thus the result can be easily proved by induction on n



Lemma 3.2. Let p be an odd prime and a € Z,. Then

= ;( )( 1—a)(2a(a—|—1)+1)k—a(a+1)

k= 4k2 — 1 =—(a— <a>p)(p +a— <Cl>p) (mod p3),

Proof. Set a = (a), + pt. From Lemma 2.1 we see that

(a
a1 p PPN PP od p?) for a0 (mod p),
EQZ)(< 1(a>2pét+1)1) —];(t—H) :p((i—i—l) p

= dp?
p—1 1 {a)y - a1 (med?)
for a# —1 (mod p).

Thus,

i) ()

(ala+1) pt p(t+1)

= =Pt 41 dp® if ~1 d
2p—1 a a+1 pt(t+1) (mod p’) if a #0, (mod p),
pi(pt+1) (pt =1\ p(t+1) ) .
——==-pitt+1 d fa= d
=S 2p—-1 \p—-1) pt+1 pt(t+1) (modp’) ifa=0 (modp),

2 3
—p*t(t+1) (mod
2p—1 p—1+pt p—1 pi(t+1) (mod pi)

L ifa=-1 (mod p).

(—1+pt)(p+pt)_ pt (19—1—19(1t+2)>E

Now taking n = p — 1 in Lemma 3.1 and then applying the above we obtain the result.
Theorem 3.1. Let p > 3 be a prime, a € Z, and t = (a — (a),)/p. Then

—1

- 0( )( 1_a> = (e )2+ 1) P+ DA+ 20t DB, a(—a) (mod 1),

Proof. Note that 7= = 4(2“(“+1E€‘§)_’“1‘“(“+1) (2;;;11 Combining Theorem 2.1 with Lemma
3.2 we deduce the result.

Corollary 3.1. Let p > 3 be a prime. Then

64’“(2}-6 —1) <2kk) @:) - _i <_?1> i me +Eps) (mod 7).

Proof. Taking a = —1 in Theorem 3.1 and then applying (1.1), (2.4), (2.5) and the afore-
mentioned fact that B,_»(3) = 8E,_3 (mod p) we deduce the result.
Corollary 3.2. Let p > 3 be a prime. Then

SRR R
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p—1

]



and )
—

1 6k\ [ 3k 473 5, s

I Y 2201 B .

> a1 (on) (1) = (5 570+ 50) - (mod )

Proof. Taking a = —%, —% in Theorem 3.1 and then applying (1.1), (2.4), (2.5) and the
facts (see [S5, pp.216-217]) that B,_»(3) = 6U,—3 (mod p) and B, () = 30U,_3 (mod p) we
deduce the above two congruences, respectively.
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