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Notation: Z—the set of integers, N—the set
of positive integers, [x]— the greatest inte-
ger not exceeding z, (%)—the Legendre sym-
bol, Rp—the set of rational numbers whose
denominator is coprime to p.
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§1. Cubic Jacobsthal sums

Let p be an odd prime and m,n € Z. The sums
p—1 , 3 p—1 3
Z (aj —I—mac) and Z (af; —I—n)
=0 p =0 p
are called cubic Jacobsthal sums.

Let A,B,C' € Z. The sum

pil (:c3 + Ax? 4+ Bz + C>
=0 p
IS called general cubic Jacobsthal sum.

Hasse's theorem: Letp > 3 bea prime, A, B,C €
Rp, and let D be the discriminant of 23+ Az2+
Bx+ C. If DZ 0 (mod p), then

p—1 3 4+ Ax? 4+ Bx + C
> .

=0

<2



Foraprimep >3and A, B,C € Ry let #E,(y° =
13 4+ Az? 4+ Bz + C) be the number of points
on the curve E, : y? = 23+ Az? + Bz + C over
the field I, of p elements. For A, B,C € Ry, it

IS easily seen that

#E,(y° = 2> + Az® 4+ Bz + O)

p—1 p—1
=1+ 3 142 3 1
(x3+Ax§UrBOx—I—C):O ($3+A$2xfBOZU+C):1
p p
p—1
=p+1+ > 1
3 B0
(:1: —|—A:1;p—|—Bx—|—C):1
p—1
_ Z 1

=0
333+A£U23—|:-B$+C
( ):—1
p

p
=p+t1+

=0

—! (x?’—I—AJ)Qp—I— B:c—I—C>.



Let K = Q(v/—d) be an imaginary quadratic
field and the curve y2 = 23 4+ mx +n has com-
plex multiplication by an order in K. By Deur-
ing’'s theorem, we have

#Ep(a:3—|—ma:—|—n)
o p—+1 if pisinert in K,
C\p+l—-nm—7 ifp=ns7in K,

where 7 is in an order in K and m is the con-
jugate number of 7. If 4p = u? + dv? with
u,v € Z, we may take m = %(u—l—v\/—d). Thus,
(1.0)

pil (:c3 + max —I—n)

=0 p
B {:I:u if 4p = u? + dv? with u,v € Z,

0 otherwise.

In [Gr, Gross(1982)], [UJM, Joux and Morain(1995)]
and [PV, Padma and Venkataraman(1996)] the
sign of u was determined for those imaginary
quadratic fields K with class number 1. In [LM,
Leprévost and Morain (1997)] and [I, Ishii(2004)]
the sign of u was determined for imaginary
quadratic fields K with class number 2.



From (1.0) and some known results we derive
that

(1.1)
=l 33— 11z + 14

()

(—1)#2a if4|p—1,p:a2—|—b2,4|a—1,
{o if p=3 (mod 4).

Pl /x3 — 152+ 22

(=)

—2A if3|p—1,p=A24+3B2and 3| A—-1,
{o if p=2 (mod 3).



(1.3)

pil <x3 — 30z + 56)

x=0 +§ 3
( p
(-1) 8 (D)2c if8p—1, p=c?+2d? 4|c—1
p

\\

3 3
(—1)8 (D)2¢ if8p—3, p=c2+2d2, 4lc—1
p

| O if p=5,7 (mod 8).
(1.4)
pz‘:l (:1:3 _ 35z 4+ 98)
=0 p

, +1_C
(-1)"F 2(2)C

=94 ifp=0C24+7D?=1,2,4 (mod 7),

0 ifp=3,56 (mod 7).

\



pil <x3 — 505z 4 5586)
=0 p
’ +1
(1) 20 )

=94 ifp=0C24+7D?=1,2,4 (mod 7),
0 ifp=3,56(mod 7).

\

(1.6)
pil (:1:3— 1203:—|—5O6>
x=0 p

2 : 2 2

(L if3|p—1,4p=L24+27M2, 3|L—1,
= P

0 if p=2 (mod 3).

I conjectured (1.6) in 2010 and proved it in
2011 by using Legendre polynomials and Ja-
cobsthal sums.



It is also known that (J.C. Parnami and A.R.
Rajwade, 1982)

(1.7)
pil (:U3—96-11:v—|—112-112)
z=0 2., U P
. - —_ 2 2
:{(p)(ll)u if (&) =1 and 4p = u? + 1102,
0 if (&) = -1

and that ([RPR,1984],[JM,1995],[PV,1996])

10



333—8-19:13—|—2-192)

r=0 2., u F
{ (D) (zo)u  if () =1 and 4p = u? + 1902,
0 if (&) = -1,
p—1 (x3—8o-43a:+42.432)
r=0 2., u g
- — — 2 2
_ { (;)(E)u if (#53) =1 and 4p = u” + 4307,
0 it (&) = -1,
ay (a;3 — 440 . 67:1;—|—434-672>
r=0 2., u i’
: DN — 2 2
_ { (;)(6—7)u if (&) =1 and 4p =u~ + 6707,
0 if (&) =-1,
p—1 (:1:3 —80-23-29-163x + 14 -209 - 127 - 1632)
=0 5 ” P
D N\ — — 2 2
_ { (;)(E)u if (185) =1 and 4p = u* + 16307,
0 if (163) = —1
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§2. Congruences for -0 _ (5’73+m5’7+”) (mod p)

Main problem: For a given odd prime p find a
3

simple expression for Zp_l (% "’mx"'”) (mod p)

without Legendre symbols.

Many mathematicians attacked this problem,
but their formulas are complicated.

In 2006, using the theory of elliptic curves and
differential equations P. Morton (JNT 120(2006),
234-271) obtained a general and explicit for-

mula for Zp_l (:’33"";“’34'“) (mod p) in terms of

certain Jacobi polynomials.
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Morton (2006): Let p > 3 be a prime , m,n €
Rp and 4m3 + 27n2 £ 0 (mod p). Then

pz—:l <a:3 + mx + n)
p
1-(§) 1-(5h)

= —(—48m) 2 (864n) 2

x (—16(4m3 + 27n2)) 13!
" 1728[%]P(_%(%)’_%(—?1>) (—4m3 + 27n2)
[13] 4m3 + 27n?
(mod p),

=0

where Pk(o"ﬁ)(x) is the Jacobi polynomial given
by

o 1
PP =55 3

k4 ay k+
> (T

L 7a)(a:—1)’*?‘7“(a;+1)7“.
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The Legendre polynomials {P,(x)} are given
by

1 qn
Pue) = Pa” (@) = TRl Gl Ol
[n/2]
1 on — 2k
=on 2 (JEDHCT e
k=0 n

A famous formula due to Murphy states that

Pu(z) = éo (Z) " -]: k) (9@ ; 1)k.

We have P,(—xz) = (—-1)"P,(x) and
0 if 21n,

Pn(0) = 1 2m ,
{ (_4)m( . ) iIf n = 2m.

14



Theorem 2.1 ([S5 (Z.H. Sun, Acta Arith.
159(2013), 169-200), Theorem 2.1]). Let
p > 3 be a prime and m,n € Ry, with m #
O (mod p). Then

pz_:l <:c3—|—ma:—|—n)
T= O p
3nv/—3m .
(—3m) 7T P[p]( ”’2m2 ™y (mod p)  if4a|p—1,
= 9 p+
3m)% _ 3nv/=3m .
k—(% Py ”2m2 ) (mod p) if4|p—3.

I first deduced Theorem 2.1 by using Mor-
ton’'s work, and later found an elementary and
straightforward (?) proof.

One can easily prove the following lemma.
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Lemma 2.1. Let p be an odd prime. Then

—1
() (p?) = (_Z)k(zkk) (mod p) for k< ?1

-1 ok\ (3k
(i) (pTQk_ ’“) = %§2<(2kk)) (mod p) for k< [g],
(i) ([%]2: k) = (_217)k(3kk)(mod p) for k < [g} (p # 3).

Using Lemma 2.1 one can easily prove:

Lemma 2.2. Let p > 3 be a prime and k &€
{0,1,...,[{5]}. Then

2]\ 2181 - 2k
B,

Dy 1
= (—1)[%]3%_'_ Bk "

p—1 k
4[]k( 2 )( 61(%>(m0dp).

16



Proof of Theorem 2.1. For any positive in-
teger k it is well known (see [IR, Lemma 2,
p.235]) that

=t _(p—1(modp) ifp—1]k,
=0 0 (mod p) ifp—11k.

For k,r € Z with 0 < r < k < 251 we have
0<k42r <31 Thys,

pil k07 p—1(modp) iIfk=p—1-2r,
T =
=0 0 (mod p) ifk#=p—1-—2r

and therefore

17



(2.1)

p_]- p—1
> (23 +mx+n)2
=0

1 (0-1)/2

=2, 2

r=0 k=0
p—1 (p—1)/2

=2 2

((p-— 1)/2

" )(azs + maj)knp%l_k

k 1
(770 L ()ermayra'a

r=0k=r =0
z - p—1=2r_ p 1-3r or
E_Tgo(p—l—?r( T >m "
p—1 p—1—2r
__p_lg:p_ (p—12— 27“)( T )
3 STtz
x mP~173"2"="5" (mod p)
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If n =0 (mod p), from the above we deduce
that

pz—:<a: -I—m:c-l—n)zz —I—maz—l—n)
x=0 p—1

_ <Zé> (mod p) if4|p—1,
0 (mod p) if 4|p—3.

Thus applying Lemma 2.2 (with k£ = [{5]) we
get

1 2.5t P
= (—1)l1213™2
(_4)[%] <[1%] (1) (p%l)
Py (0) = 1 Bt
510 = = (=3) "7 (2 ,21) (mod p) if 4] p—1,
.
0 if4|p—3.

Hence the result is true for n =0 (mod p).

Now we assume n Z 0 (mod p). From (2.1)
we see that



=0 p
p—1 -
= ($3+m$—|—n)pT
=0
— (p_1>mp_1 Z ( p%l p—1—2r n2r
"7 p<r<tt p—1- 2T)< T )m37“
E—(E) 3 ((p—l)/2)< 1%1_T <n_2)7“
= " p—1—3r/\m3
2l ol P=(3) k 2 [P
— _(® 2 6 (n_) 5]k
(p) z;::o ([g] _ k) (3k+ 1_2(g>) 3 (mod p).
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On the other hand,

3nyv—3m
P[%]( 2m )
Pl _ 2k\ /3nv/—3m\ [g1—2k
=2 []Z( >( 1)([ ] )( 2 )6

[12] -
— >—[&] Z( >( 1) ( [p_p] Qk)

1-(5H)
5 27n2\ 2]k
( 4mS3 )
[{5]
. [&5]o—[2] 12 ] 2[p]—2k
= ottt 3 (B (02

1- (—1> p—(=1)
y <3m/—3 ) (27n )[%l—k— i
2m2 4m3

= 5m. )} (2) (2) (-1l

< 3 (Pl ) ()™ (moa

21 /\am

y (3n\/%)

2m?2
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where
(—?rm)p%1 if p=1 (mod 4),
6(m,p) {

(-3m) %
Hence, by the above and Lemma 2.2 we get
3ny/—3
5(m,p) Pipy (7 )
[45
(f:( 1) (B33 52 4 1
([p] )(3k—|— 1- (p))(4m3) )

( )(E (— 1)[1212 ] (mod p).

p
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Since

) 27)” -
(p>( D22 <4
= (- 1)[12]+[p]( )Qm 2[513315]+(1-(5))/2
p

= (- 1)[12]+[p]( )2——3
p

p—(5)

= (—1)[%]4'[%] (=1)"® - (_1)—[2%]
= (-1)203 = 1 (mod p),
from the above we deduce that

3n\/—37m)

2m2

5(m,p)P[%](
%] p-1  P=(B) p

=() 5, (G w6

3k +

p—1 3 4+ mxz +n

This completes the proof.
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For a prime p >3 and k€ {0,1,...,p— 1} itis
easily seen that

21\ (B + ky _ (B +k ) (3
(18834 = (B4 ) = B moa.

Therefore p | (gi) (%f) for £ <k <p, and

(—)k (mod p).

p/6] 65 3k)
564

(2.2) Pyp(t) = Y <3k ;

k=0

Corollary 2.1. Letp > 3 be a prime and m,n &€
Ry with m # 0 (mod p). Then

2/ 6k 3ky r2m3 — n\ K
Fp(zms) = X, (G0 () (Taond)

_(3_m> pil <$3 —3m2z + n) (mod p).

P/ .—0 p

24



Corollary 2.2. Let p > 3 be a prime, and let
c(n) be given by

0 T 1=a"2A=a"")2 = 3" em)q®  (lal < 1).

k=1 n=1
Then
[p/6] (Ok) (3K
19 p—1

Proof. It is easy to see that the result holds
for p=11. Now assume p #= 11. By the well
known result of Eichler (see [KKS, Theorem
12.2]), we have

{(z,y) € FpxFp: y?+y =322} = p—c(p).

Since

25



|{($7?J) EFpXFp: y2+y:$3—ib2}|
1

— {(az,y)EIprIFp; (y+%>2:x3_x2+z}‘

1
— {(x’y)EFpXIF% y2=w3—x2+1}‘

=p+ (5) 3 (w3 - 1i;c + 38)7

we obtain

(2.3) clp) = _(9) pz_:l <m3 — 12z + 38>.

P/ z=0 p

26



Using Corollary 2.1 we see that
1

o(p) = _G) pz_: <x3 — 12z + 38>

=0 p
19
Therefore,
19 . [2] 19
() = 0¥ A(-3)
. [p/6] k
_ et 6k\ 3k\ /14 19/8
=D kgo(?,k)(k ( 864 >
. [p/6] (6k) (Sk)
Bt 3k)\ k
=(-1)72 kgo sk~ (mod p).

Thus the result follows.

Remark 2.1 Set ¢ = 2™ and f(z) = q[I3>,(1—
¢)2(1 — ¢11%)2. It is known that f(2) is the
unigue weight 2 modular form of level 11.



For positive integers aq,ao,a3,a4 let

0 T (1 = ™F) (1 — go2F) (1 — g2k (1 — goah)
k=1

©@,

= Y c(a1,a2,a3,a4;n)¢" (|q] < 1).

n=1
For (a1,a2,a3,a4) = (1,1,11,11),(2,2,10, 10),
(1,3,5,15),(1,2,7,14) and (4,4,8,8) it is known
that (see [MO, Theorem 1])

0

f(z) = Y clag,ap,a3,a4;n)q" (g = e°™%)

n=1
are weight 2 newforms.
Conjecture 2.1 Let p > 3 be a prime. Then

p=1l 23 _ 10711
¢(2,2,10,10; p) =—(§) 3 (x i )

=0 p

Pl /a3 -39z -7
«(2,4,6,12:p) = —(£) 3 (F 2020,
p

X

p 3 _ 3z -322

c<1,3,5,15;p>=—(3) (9’“’ i )
=0

27



and

p—1 3 _
c(1,2,7,14: p) = _(g) T (:1: 75z 506).

=0 p

Is Conjecture 2.1 known according to Wiles’
work on Fermat’'s last theorem? Wiles re-
vealed the connection between elliptic curves
and modular forms.

Theorem 2.2 ([S5, Theorem 2.6]). Letp >
3 be a prime and m,n € Ry, withm % 0 (mod p).
T hen

p—1 ,.3
Z (:1: —I—Zw:-l—n)

=0

)k

( 451 (p1 5p 3 >
~Camye S () 4 )
_ (mod p) if4|p—1,
— [15] 5
3n pr1 120 [ [28]\ 4m3 4+ 27n?
> —3m) 4 kzzjo( 1k2 )( 1k2 )( -
\ (mod p) if4|p—3.
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Proof. It is known (see [AAR, p.315]) that

1
Pon(z) = P02 (222 — 1),
ont1(x) = 2Py 27 (22 — 1).

From [H. Bateman, Higher Transcendental Func-
tions (vol II), 1953), p.170] we know that

"oy~ —B—1\/1—x\F
Péo,ﬁ)(a;):kzo(k)( k )< 2 )

If p=1 (mod 4), then [E] = 2[{5] and so

29



if p=3 (mod 4), then [g] =2[{5] + 1 and so

2m?2 [15] 4m3
[15] 3 2
_ 3ny/-3m E [%] —5 — [1%] 27n-\k
- 2m? kZ::O( k)( k )<1+4m3>
D
_ 3nv/=3m [i] ([%]) (1%3 _ [%]) <4m3 n 27n2>k
2m?2 Pa— k k AmS3

3ny/=3m 22 [ 21, [5B] /4m3 + 27n2
= omz 2 (1/3)(113)< 4m3

Now combining the above with Theorem 2.1
we deduce the result.

>k (mod p).
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Theorem 2.3 (Z.H. Sun [S1-S5]) For any
prime p > 3 and t € Ry,

Pp-1(t)
2

_6 P-1 3 _ 2 - 2
z—(—6)Z( 3(t + 3)x + 2t(t 9)) (mod p.

p—1 =l /23 _ oty T
(ﬁ)TPp%l(ﬁ)z—Z( 2l 11

=0 p

) (mod p),

6 p—1 _3 3(3t+5) 4+ 9t+7
P =-C) Y (——2— ) (mod p).
P .—o p

P[p]@) =-(3)

3 4+ 3(4t — B5)x +2(2t2 — 14t + 11)
Z< .

) (mod p),

3 — 3x 4+ 2t

Py =-C ) Z( ) (mod p).
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§3. A congruence for (Zg;%($3+7;fx+”))2 (mod p)

Lemma 3.1. For any nonnegative integer n

we have
" 2k 3k 6k 2 .
kgo(k)(lg)(3k)<n_k>(—432) k
— " 3k\ 6k 3(n—k) 6(n—k)
_kzo<k)<3k)< . )(3(n_k)),

Lemma 3.1 can be proved by using WZ method.
Using Lemma 3.1 we deduce:

Theorem 3.1 ([S5, Theorem 3.1]). Let p
be an odd prime and let x be a variable. Then

—1

> (GG - ss2ny
1

= (S CEH*) moa 52

Theorem 3.1 can be viewed as a p—analogue
of Clausen’s identity.
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Theorem 3.2 ([S5, Theorem 4.2]) . Let
p > 3 be a prime and m,n € Rp with m #
O (mod p). Then

(B (e
x=0 p
p—1
= (T) ’fzo ( L )( L ><3k)< 123 . 41,3 ) (mod p).
Moreover, it Zﬁ;%(x3+7;?’x+”) = 0, then
"Z ok Bk 6k 4m3 4 2702\ k .

Proof. We first assume that 4m3 + 27n2 =
0 (mod p). Clearly —3m = (22)? (mod p) and
SO (_E,’Tm) =1. As 23+ mz+n= (az—%)(w—l—
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3)2 (mod p) we see that

:zz:: (:133 + 7;,:1: + n)
i @3 (e + 5—:;)2)

=0 p
-1 3
- 2
=0 p
x?—é—% (mod p)

3n _ 3n

- 5,6)- =5




Since m # O (mod p) we have n 2 0 (mod p)
and so Zp_ (% +Z’;x Yy = —(==mn ;”“) = 4+1. Thus
the result holds In this case.

Now we assume that 4m3427n2 £ 0 (mod p).

3nyv—3m _ 1728:4m3
Set ¢t = =2 —~— and m; = Am3427n2" Then

= \/1 —1728/my. From Theorems 2.1 and
3.1 we have

p—1 3 + mx + n\\ 2
(X ))
x=0 p
= (-3m)' 2 P[p](t)2
3k (6k
_ (—Sm) (pzl)/2<k)(k)(3kz>
p k=0 mf
Recall that p | (3kk> (gZ) for £ < k < p. If
;10(‘”3"'7;}"”"'“) = 0, we must have P[%](t) =

O (mod p). Thus, applying Theorem 3.1 we
see that

(p—1)/2 2k\ (3k\ (6k
22 _ o (a2,
k=0 1

(mod p).
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4. A theorem concerning eta products and bi-
nary quadratic forms

Theorem 4.1 (Z.H. Sun, Adv. in Appl.
Math. 48(2012), 106-120.) For a,b,n € N
let A\(a,b;n) € Z be given by

q H (1—q*)3(1—¢"")° = Z A(a, b;n)q" (lg| < 1).

k=1

(1) Suppose 2 1ab and p is an odd prime such
that p # a,b, pfab+ 1 and p = ax? + by? with
r,y€Z. Let n=(((ab+ 1)p—a—>b)/8. Then

(-)F et

> (4az® — 2p) = Ma,b;n + 1).

(2) Let a,b € Nwith (a,b) = 1. Let p be an odd
prime such that p # ab, ab+1 and p = 22+ aby?
with z,y € Z. Let n=(a+b)(p—1)/8. If 2 1a,
2|b, 8tband 8|p—1, then

(=1)2(4z2 — 2p) = A(a,b:n + 1).
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